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ABSTRACT

A system of multiple open magnetic flux tubes spanning thargiiotosphere and lower corona is modelled
analytically, within a realistic stratified atmosphere jggbto solar gravity. This extends results for a single
magnetic flux tube in magnetohydrostatic equilibrium, diésd in Gent et al. (MNRAS435, 689, 2013).
Self-similar magnetic flux tubes are combined to form maignstuctures, which are consistent with high-
resolution observations. The observational evidence@tpthe existence of strands of open flux tubes and
loops persisting in a relatively steady state. Self-similagnetic flux tubes, for which an analytic solution to
the plasma density and pressure distribution is possil#ez@mbined. We calculate the appropriate balancing
forces, applying to the equations of momentum and energyareation to preserve equilibrium.

Multiplex flux tube configurations are observed to remaiatieely stable for up to a day or more, and it is
our aim to apply our model as the background condition for ertical studies of energy transport mechanisms
from the solar surface to the corona. We apply magnetic fiedshgth, plasma density, pressure and temperature
distributions consistent with observational and theog¢testimates for the lower solar atmosphere. Although
each flux tube is identical in construction apart from thetamn of the radial axis, combinations can be applied
to generate a non-axisymmetric magnetic field with multipde-uniform flux tubes. This is a considerable
step forward in modelling the realistic magnetized threaethsional equilibria of the solar atmosphere.

Subject headingsSun:atmosphere — Sun: transition region — Sun: chromosphenstabilities — magnetic
fields — magnetohydrodynamics (MHD)

1. INTRODUCTION two orders of magnitude, evident in the black lines of Fig. 1
AtaradiusR. ~ 696 Mm from the Sun’s core its luminous (see also Fig.1 of Gent et al. 2013, hereafter referred to as

surface, the photosphere, hagypical temperature of about P 2Per ).

6500 K. Based on estimates from semi-empirical 1D models __1YPical footpoint strengths 0f00 mT (1000 G) are ob-
a h ~ 0.35 — 0.65 Mm above this surface the temperature served for magnetic flux tubes emerging from the photosphere
falls to a minimum?’ ~ 4200 K. The temperature then rises (£Waan 1978; Priest 1987; Aschwanden 2005; Erdélyi 2008,

with height and experiences rapid jumpslt K just above and references therein, the latter Ch.8.7, Ch.5, respéyliv
h ~ 2 Mm and t010° K beyondh ~ 2.5 Mm (Vernazza et al. An isolated magnetic flux tube must, therefore, expand ex-

1981; Priest 1987; Aschwanden 2005; Erdélyi 2008, and ref-Ponentially in radius as it approaches the TR to balance the
erences therein). The mechanisfrheating the solar corona Plasma pressure. Environments with such large dynamical
is not well understood. The solar atmosphere is highly ac- Sc@les are highly challenging to model (DeForest 2007).

tive. Jets, flares, prominencespicules and flux emergence, _ Although on some solar time-scales they may be regarded

among otherssarry mass and energy from the surface into the 85 transient features, magnetic flux loops persist in veati
atmosphere. Although frequent and powerful, these solar ac Pressure equilibrium with the ambient atmosphere for many

L i longéMcGuire et al. 1977; Levine & With-
cumulated events do not yet appear to be of sufficient energyNinutes, days or L€
to explain the consistently high temperatures for the caron Pro€ 1977; Malherbe et al. 1983).et us consider the mag-

(Zirker 1993; Aschwanden 2005: Klimchuk 2006n al- netic field as a wave guide for carrying energy from the lower
fomaive view may be tat soar magnetc fid nes, it S5 STESDIEl 16 Seasng Las e oL e corone
d%/rrr:;r?ﬂén (?%%t)' ng\(/éus tiz?ﬁ:; 3:rlryefhg :nrir;zgignngegoneyrgr;)t-o magnetic field and plasma to investigate such transportmech
heat the corona to observed temperatures (Jess et al. Zoo%gg_‘slz‘gggna g’tegfszgggl_"gﬁgﬁli gs'gu;?t'gggé_sggggg'g: ZII
Morton et al. 2012; Wedemeyer-Bohm et al. 2012) N X ' X ' o
Coronal loops, comprising strongly magnetized flux tubes, 2011&; Vigeesh et al. 2012; Khomenko & Collados 2012;

permeate the atmosphere. Given the very low thermal pres:Mumford etal. 2014). . .
sure in the solar corona the magnetic pressure can becomtei,]'Vlagnet'C flux tubes appear to exhibit over-dense cores in

i . i icti ith hydrostatidlésu

dynamically dominant. From the photosphere to the lower '€ 0rona, in apparent contradiction with hy

corona there is a drop of six orders of magnitude in the plasmallum (Aschwanden etal. 2001; Winebarger et al. 2003). Mod-
lling a single flux tube in pressure equilibrium for the aao

pressure and nine orders of magnitude in the plasma density’. K . -
(Vernazza et al. 1981). Just abaklm from the photosphere ~ dictates that the internal magnetic pressure arising frpnea
there is a transition zone, called the Transition Region)(TR dominantly parallel field will reduce the plasma pressure an

where there is a jump in plasma density and temperature ofcOnseéquently, also plasma density or temperature. Conmpini
multiple flux tubes may induce magnetic tension forces resto

f.gent@shef.ac.uk ing and potentially even enhancing plasma density withén th
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flux tubes. Fig. 1(a) displays the axial profile for the plasma field structure and coronal mass ejections (e.g. Tsinganos &
pressure, temperature and density with the same parameteilsow 1989; Gibson & Low 1998).
for the magnetic flux tube as applied in Paper I, but with some Here, we describe an alternative, empirical method for con-
revisions as outlined in Section 2. Significantly, in thex, structing an equilibrium magnetic field comprising mulépl
the plasma density inside the flux tube is lower than the am-non-uniform flux tubes within a realistic stratified solamat
bient plasma. Note, a more gradual expansion of the flux tubesphere. Our aim is to describe analytically a structureter t
is applied (panel b, belowMm, blue, dashed line). The re- magnetic field, matching observational models (e.g. Lopez
sulting plasma density, and to some extent the pressunme; is e Fuentes et al. 2008; Kontar et al. 2008; Verth et al. 201%; Jef
hanced in the chromosphere and TR, where there are stronfrey & Kontar 2013). We derive analytic expressions for ad-
tension forces applying, but not in the corona where the field justments to the plasma pressure and density, due to the mag-
lines are predominantly parallel. netic field, to restore pressure balance, also constrainet-b
servational parameters. We identify empirically the miaim
balancing forces applying to the MHD equations of momen-
tum and energy conservation that preserve this equilibrium
The paper is organised as follows. Section2.1 clarifies
what changes have been introduced in comparison to the sin-
gle magnetic flux tube model detailed in Gent et al. (2013).
Section 2.2 describes how the MHD equations governing the
perturbed system must be framed to account for the steady
background utilzing multiple flux tubes of the form defined
in Section 2.3. Section 2.4 outlines how the atmosphere-is ad
justed to balance the magnetic pressure and tension fandes a
e identifies the balancing forces which must also be applied. |
o 1 2 3 4 5 6 7 8 9 Section 2.5 the changes to the MHD equations are identified.
Section 2.6 has examples of heterogeneous multiple flux tube
fields that are possible with this method. A summary of the
results are presented in Section3 with some points for dis-
cussion. In Appendix A we show some of the analytic calcu-
lations in more detail. For pairs of interacting magnetix flu
tubes Appendix A.1 demonstrates why a balancing force must
be present in addition to any changes to the plasma pressure
and density, and identifies these forces. Profiles for thenpda
pressure and density are derived in Appendix A.2.

o

T, p, p [K, pg m™, Pa]

o

T, p. p [K, pg m~, Pa]

2. MULTIPLE OPEN MAGNETIC FLUX TUBES

e 2.1. Development beyond the single flux tube model
Height (Mm] Following Gent et al. (2013) we apply a background atmo-
Fic. 1.— 1D-slices along the axis of a single magnetic flux tubetier- sphere derived by a combination of modelling profiles from
mal p [Pa] (solid, green) and magnetig® /(2u0) [Pa] (dashed, blue) pres-  \ernazza et al. (1981, Table 12, VALIIIC) and McWhirter
sure, temperatur@ [ K] (dotted, red) and plasma density ug m™~?] (dash- et al. (1975, Table 3) for the chromosphere and lower solar

Dics a feducet] expanaion rats of he flx tube It the Chrpfw. - COoNa, respectively, assuming background equilibrium pa
polated 1D fits to the vertical atmospheric profile are showblack lines rameters for the quiet Sun. The profiles interpolated as@ fun
(Vernazza et al. 1981; McWhirter et al. 1975, former up to\2s; latter tion of height above the photosphere are included in Fig. 1
above 2.4Mm). Differences between model and referencelgsofanish as black dotted lines (pressure), dashed (density) and dash
away from the flux tube axis. d s .
otted (temperature). Up to the Transition Region, at adoun

Numerical models with a single flux tube may miss some 2.2 Mm, the steep pressure and corresponding density gradi-
of the interesting non-linear effects arising from intéi@as ents dictate that magnetic flux tubes expand rapidly in sadiu
between neighbouring flux tubes. Khomenko et al. (2008); and reduce in flux density. In the solar corona the flux tube
Khomenko & Collados (2012) have constructed a 2D mag- radius is almost steady with height. Our models, both for the
netic field with multiple flux tubes for a domain which does single tube and the multiple configurations, capture therref
not include the transition region and where each flux tube ence data profiles very effectively. However, the models do
is identical to its neighbour. Hasan et al. (2005); Hasan & not depend on the choice of atmosphere and the derivation
van Ballegooijen (2008) have constructed a 2D magnetic fielddescribed could be applied to many alternative atmospheric
which does extend into the low corona. In this paper in a do- models.
main from the photosphere to beyond the Transition Region In constructing the magnetic field, we include a constituent
we construct a 3D magnetic field with inhomogeneous multi- to represent an ambient magnetic field, ubiquitous with th
ple flux tubes. This is a considerable step forward in realist solar atmosphere. In Paper | the ambient field was a function
modelling of three-dimensional magnetic networks embddde of » andz. Here we apply a constant vertical ambient field,
in the highly stratified solar atmosphere. which still satisfies the divergence free condition and,as c

In a series of papers Low (e.g. 1985, 1988) describes astructed, retains thermal presswre> 0 asz — oo. The
method for deriving analytically the equilibrium plasmagr resulting derivatives, therefore, somewhat simplify.
sure and density distribution for a set of magnetic field apnfi For an axially symmetric flux tube it is convenient to work
urations. This result was applied to the global solar mdgnet in polar coordinates. This is applied in Paper | and for the in
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dividual flux tube element of Appendix A.2 in this paper. For and perturbed components

a pair of flux tubes which differ by axial coordinates, howeve
axial symmetry is broken. In this paper, therefore, it is enor

p:pb+p~7 e:6b+é; B:Bb+Ba (6)

convenient to compute the flux tube interactions in Cartesia \yhere tilde denotes the perturbed portion and it is assumed

coordinates.

b, €, and B, do not vary with time The subscripb denotes

. . p
_ In Eq.(7) for pressure balance the magnetic tension forcepackground, and in combination wittor 7, later in the paper,
is of opposite sign to the gradients of pressure. In Paper lingicates the background vector componenith magneto-
the tension force has the wrong sign. The derivations remainpydrostatic equilibrium for the background state, such tha

valid. With the sign corrected the flux tube axial plasma den- ,,

» = 0, in the presence of an external gravity figldfrom

sity is no longer enhanced in the corona, although it is in the Eqg. (2) we obtain
chromosphere, where the tension forces are strongest. This

suggests the enhanced density observed in steady flux tubes
may be due to the magnetic tension forces governed by the

curvature of the magnetic field lines.

9
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With the pressure and tension forces correctly in opposi- We, then, obtain the expression matching the right hand side
tion there is much more latitude in the model parameters. TheOf Ed. (3) by scalarly multiplying Eq. (7) by to yield

thickness of the flux tube can extend to ovévim, with an
upper bound on the footpoint field strength nes mT with-
out negative pressure or density resulting. Solar magfietic
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) = ppgiu;. (8)

tubes are unlikely to exhibit such homogeneity. Combining Subtracting Egs. (7) and (8) from Egs. (2) and (3) we derive

many small uniform flux tubes in non-uniform distribution,
we may construct large heterogeneous flux tubes.

the governing equations for the perturbations as

0p 0
5t o+ pul =0, (9
2.2. The MHD equations ot Ox;
A motivation for the current work is to facilitate an MHD Ollpy +pus] | O Sos] o OPT
P : : : + [(pb + p)ujuj] +
solution in an environmentthat includes a plasma density gr ot Ox; Oz;
dient with nine orders of magnitude over a relatively shertv = ~ -
tical span. By confining this and other large gradients withi _ 0 | BiBy; + ByB; + BiB; =pgi, (10)
static background the MHD equations can be re-framed with Jz; Ho
respect to the significantly more modest differentials & th o¢ 9
perturbations. — + [(ey + €)u; + pru;]
This article employs several subscripts and superscripts. ot Ox;
Subscriptsi, j € {1,2,3} denote general vector or tensor 0 | BBy + ByB; + B;B;
coordinate components only. The convention of a sum over oy U;
all three components applies for a repeated index in a single L Ho
expression. In Cartesian coordinates = (z1, z2,23) = Ou;  ByjBp Ou;  _
(z,y, z), and wherer, y or z appear as subscripts they refer +pr% T or. = pgiui(11)
i J Ho Ty
only to the respective component, x5 or xs. N
The governing equations of full ideal compressible MHD 0B; 0 ~ =\
in their conservative form are: o ox; [ui(Bbj +Bj) —uj(Byi + Bi)} =0i;, (12)
dp 0 - o
— ) =0, 1 ~ ~ p)uj; B;By; B;B;
% T o (pus) 1) pr=(v—1) [e _ W]_w_g) Ju_bﬂ n #] 7
0 PU; 0 BiB' 8pT 0 v
—( ) v (puiuj — J) + 5 =09, (2) (13)
ot (933j Lo ox; By; By;
B por = (v — ey — (v —2)——, (14)
Oe 0 0 ( B;iBju; 2410
= + 7 (ewi + prug) — 5— | ——— | =pgiui, (3)
ot 8.171 817]' Ho ( n ~) B~ B B B
_ = (pv+ pluju, i By B
0B; 0 = (v—1) |6 = S R Y Nt et M ET
5 T B, (uiBj —u;Bi)=0i,  (4) p=0-1) l 2 1o 2110 (13)
By By
B.B. s BB py=(y—1) [eb _Z gﬂuoby_] . (16)
pr=p+—-—">,p=(y-1) (6##> (5)
2410 2 2p0

wherep is plasma density, ant¥, v, B andg are gradient,
velocity, magnetic field and gravitational acceleratiootees,
respectivelye is the total energy density,thermal pressure,
pr total pressure (magnetic + thermaj) adiabatic index of
the plasma ang, vacuum magnetic permeability.

2.3. Magnetic field construction
Our approach is to prescribe the magnetic field to model a

flux tube or a set of flux tubes with structure approximating
the observed magnetic field in the lower solar atmosphere. We
place this field in a hydrostatic stratified atmosphere @eriv
from the observed vertical profiles of the reference data. We

Following the approach of Shelyag et al. (2008), we derive then, adjust the plasma pressure and density distributoon f
the system of equations governing the perturbed MHD vari- the hydrostatic background as required to achieve magneto-
ables. The variables e and B are splitinto their background  hydrostatic equilibrium.
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One approach to constructing the magnetic field is to ap-which any flux tubes are situated.
ply a potential field to the prescribed atmosphere and allow

the system to relax numerically (e.g. Solanki & Steiner 1,990 "f = "rBoz, (18)
Khomenko et al. 2008). Simulations of non-potential pertur m 20 m 2

bations may then be applied to this equilibrium. For models G = NG exp <?> J (19)
utilizing very large data arrays there may be considerable nu- 0 0

merical overheads before the simulations can prodtedgh My = Vi — )2+ (y — ™y)2, (20)

it may be possible to circumvent this problem by using damp-
ing methodsltis conceivable that we may wish to investigate . - X _
how small changes to the configuration effect energy tramspo With "G determining themrad|al width of the flux tube by a
mechanisms. With our analytic approach these changes ma{aussian centred &t"z, ™y). In the normalisation coeffi-

be implemented almost instantaneously, and we can identifyc/€nt an appropriate length scdles included with the scaling

in advance exactly what changes are applied to the COmcigu_]‘actorfo, which are uniform for all flux tubes. The reduction

ration. Using the potential method the preliminary numeri- N the vertical field strength along the flux tube axis is speci
cal relaxation must be completed and, then, the change to th&ied by
configuration investigated. It is possible the potentiathmod . .
may be unsuitable for deriving background equilibrium mul- By, = bo1 exp <——) + boz exp (——) , o (21)
tiple flux tube configurations. In this paper we find no equi- 1 22
librium exists for neighbouring pairs of self-similar fluxtes  with »,, and by, assigning the typical axial field strength
in the absence of balancing forces. We are able to identdy an from the photosphere and from the lower corona respectively
calculate these forces. 2, and z, are scaling lengths. In principle, these constants

We revisit the self-similarity method developed by Scétiit  could differ between each flux tube, yielding stronger non-
& Temesvary (1958) and applied variously for 2D (e.g. uniformityin the total field. Keepindg,. uniform sufficiently
Deinzer 1965; Low 1980; Schussler & Rempel 2005; Gor- simplifies the equations for an analytic solution. The firal r
dovskyy & Jain 2007; Fedun et al. 2011a; Shelyag et al. 2011)sylt retains significant asymmetry.
and to 3D solar magnetic configurations (Fe_dun etal. 2011b; Applying these to Eq. (17) we obtain the explicit form for
Gent et al. 2013; Mumford et al. 2014). This represents onethe single magnetic flux tube as
footpoint of a coronal loop or braid of loops. The other foot-
point is presumed to be at a distance beyond the horizontal "By, = —™S(z — ™) By, "G 9By
extent of our numerical domain. The arch of the loop oc- b 0z 0z’
curs much higher in the corona than the vertical extent of our m m m o~y 0B02
model (i.e. the loop has large aspect ratio), such that the flu Byy = ="S(y — "y)Bo. "G PR
tube may be regarded as vertically aligned. mp _  mgRp 2mc 4}, 29

The three-dimensional magnetic field describing the config- bz = 0z + boo- (22)
uration for a single open magnetic flux tube is denotdd,, Observations (Ch.3.5 in Mariska 1993; Schrijver & Title
where ™ indicates then'" flux tube in a magnetic field com-  2003) indicate the atmosphere outside the flux tubes inslude
prising more than one flux tub&o distinguish the index label  a non-zero magnetic field in many parts of the chromosphere
for each magnetic flux tube configuration from other indices and, due to the local turbulence, is likely to be composed of
in this article, we use only labets, n € N and these appear very small scale structures. However, at the scales ofdater
as prefix superscripts. Summation convention does not applythe structure of this weak field is not likely to be dynamigall
to repetition of these indice$he model domain may reason- significant. For simplicity in satisfying the divergencedr
ably be approximated in cylindrical polar coordinates,hwit condition a vertical magnetic field seems reasonable.
radius measured from the axis of the flux tube, or in Cartesian
coordinates, withr, y the local analogue of the longitudinal 2.4. Plasma pressure and density
and latitudinal surface coordinates. The vertical coatin In magnetohydrostatic equilibrium a background atmo-
z is aligned along the solar radius, with= 0 being atthe g, 010 and magnetic field configuration must satisfy Eq. (7),
base of the solar photosphere/at ~ 696 Mm. We require which may also be expressed as:
an axially symmetric flux tube with axis located(&tz, ™y), '

where ™r is the radial distance from the axis(dtz, ™y) and

expanding in radius with heightas the flux density reduces | By |? B, )

to balance the ambient plasma pressure. Vipp + Ve = (By - V) == — ppg2 = 0, (23)
In Cartesian coordinates the components'ds; are de- Ho Ho

scribed by the self-similar relations where 2 is the unit vector and only the global gravitational

omf g acceleration direc@ed towards the solar origin is includdte .
"By = —"8—~ L mq, (17) magnetic tension is non-zero due to the curvature of the field
dz 0z lines and has opposite sign as it acts as a restoring force to
mp,  _ _mgd" 0" the magnetic pressure. We know that the pressure is a scalar
A oy 0z ’ quantity, so by taking the curl &fp we obtain

m 2 m 2 . 2
mp,  — mg (M) N (M) (By-V)By By ) |
Ox dy Ho 240
(24)
The sign+1 is indicated by™S to determine the orientation  For a single flux tube this condition is satisfied and a solu-
of the magnetic field along thex*® flux tube. Realby is tion for p, andp, may be obtained similar to that outlined in
a constant, chosen to yield a weak ambient vertical field in Paper I.

G+ bog.- VXVprOZVX(pbgi—i-
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FiG. 2.— 3D-rendition of two flux tube pairs (left), indicativeagnetic field lines plotted in blue against a background &pidting thermal pressuia the
rear and bottom planessosurfaces indicate log plasnfa-Right: 2D-slice of magnetic pressure along= 0 for the four flux tubes (i.e., two pairs) located at
axes(z,y) = (1.2,0),(1.2,0), (—1.15,0.15), (—1.25, —0.15) Mm, indicative magnetic field lines overplotted in blue. Theftube pair to the right share
an identical axis afz,y) = (1.2,0) Mm, while the axes to the left are slightly separated with resgeboth ther andy directions. Note, the left pair have
footpoints offset fromy = 0, so the magnetic pressure on this slice is highest abovehthtegphere, where the flux tube pair expand and merge.

We, now, adopt this approach for a pair of flux tubes, whose makes physical sense that this should be so. Pairs of magneti
magnetic configurations are denoted Y3, and "B, and flux tubes in close proximity will be inclined to attract orre
the total background magnetic fiels, = "B} + "B},. Two pel, depending on their relative polarity, so that Eq. (85)at
pairs of such flux tubes, with pressure distribution deriged  in equilibrium. Nevertheless, observational evidencstsxf
follows, are illustrated in Fig. 2. Apart from the magnetgldi multiple flux tubes in relative stability (Dowdy et al. 1986;
lines, the plasmar distribution also clearly indicates two dis- Solanki 1993; De Pontieu et al. 2003) suggesting the pres-
tinct magnetic structures with low plasnga< 1 in the lower ence of some additional balancing forces. These may reside
corona and high plasm@-> 1 in the photosphere and chro- in local anomalies in the neighbourhood density and pressur
mosphere. Note plasma-x p/|BJ?>. To make a determi-  distributions, effects from events at some distance oref®orc
nation of the necessary pressure distribution for such an aracting at or below the footpoints. The nature and source of
rangement it is useful to decompose the pressure and densitthese forces is complex and beyond the scope of this article,
into terms that are purely hydrostatic and independent®f th but we conclude that an additional force term is required to
magnetic field and terms that represent corrections to balan satisfy Eq. (25).
the effects of the flux tubes. We can identify the net force acting in Eq. (25) from the

Those vertical profiles satisfying the purely hydrostatic non-vanishing terms within the right hand side of Eqg. (24).
background are denoteq,; and p,,, and are derived from  First, let us eliminate the terms, for which we already have
the observed vertical profiles of Vernazza et al. (1981) andsolutions:

McWhirter et al. (1975) or similar, as described in Paper I.

Adjustment to the pressure distribution required to restor R
equilibrium due to the inclusion of the magnetic configura- Vpon = ppugZ  and
tions ™B,;, and "B, are denoted by"pym, "ppm, respec-
tively, and by ™"p;,,, for their pairwise interaction. Hence,
Db = Poh + "Pom + "Pom + ""Pom. A corresponding de-
composition of the density is also applied, using the same su

and

perscripts and subscripts. Eq.(23), thus expanded, may the " m . | mBy|? m "B,
be arranged to yield V' Pym = "ppmgZ — Vo (™By, - V) .
Ho Ho
V(pon + "pom + "pom + " Pom) = (25)
mg, L "B .V (™By + "By) V'me + "Byl|? The terms™py, and ™p,., are derived as in Paper |, tak-
[("By + "By) - V] 1o B 2410 ing into account the revised definition of the field in Eq. (22)

m n mn s They are detailed in Equations(A19) and (A20) of Ap-
+(on + "opm + "Ppm + " ppm)gE. pendixA.2, and equivalentl{p,., and "pp.,.

In this form the curl of the right hand side is rdfor the self- This leaves only the interaction terms remaining of Eq. (25)
similar magnetic field, as explained in Appendix A.1. In gen- Then, having identified the non-vanishing terms in the right
eral there is no valid scalar-field solution to Eq. (25)jgr It hand side of Eq. (24) from amongst these interaction terms,
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FiG. 3.— 2D slices alongy = 0 of (a) thermal pressure with indicative magnetic field lines ol@itpd, and(b) temperature an¢t) plasma beta with line
contours overplotted, for flux tubes located at akesy) = (1.2, 0), (1.2,0), (—1.15,0.15), (—1.25, —0.15) Mm.

as detailed in AppendixA.1, we subtract them to obtain

"B mB
V Dy = ("B - V) —2 + ("By - V) ——
Ho Ho
_g("Bs b)+mnpbmg£
Ko
mez aanz anz 8mew N
- + T
po 0Oz po 0z
By, 0"B "By, 0B R
(P 8Ty P 070 ) e
po Oz po 0z

whereZ andg are unit vectors. Eq.(26) may be solved by
considering each vector componentin turn:

8mnpbm o me:n aan:v + mey 8an:v + anx 8mex
or o ox 1o oy ) ox
"By 0" By 9 ("By - "By)
+ - )
po Oy Ox o
6mnpbm _ mem 8any + mey 8any + anz a7any
dy po Oz po Oy po Oz
"By, OB, 0 ("By-"B
+ by by = ( b b) (27)
po Oy oy to
and
amnpbm _ mex 8anz mey 8anz + mez 8anz
0z  po  Ox po Oy po Oz
"Bpr O ™By., "By, O ™By., "By, 0By,
T b b n by b T b b
po  Ox o Oy o 0z
0 (™B,- "B
b g - BB, (28)
< Ho

The solution for™™py,,,, is specified by Eq. (A21) and"py.,
by Eq. (A22) and detailed in Appendix A.2. We can now spec-
ify the background pressure and density profiles in the three
dimensional space as = ppr, + "Pom + "Pom + " "Pom and
Po = Pon + "Pom + "ppm + ™"ppm. Note, numeric values
of the last three terms in the expressions jgrand p, can
be negative. A minimal constraint on the choice of param-
eters for the magnetic field configuration must be that both
sums are sufficiently positive to guarantee that p > 0 and
p» + p > 0 everywhere while the system is being perturbed.
Fig. 3 shows vertical slices of the pressure and temperature
for two pairs of flux tubes as well as the resulting plastha-
Two flux tubes exactly co-located on the right form a slightly
stronger magnetic structure, while on the left, two ideadtic
flux tubes are slightly separated to form a weaker configura-
tion. The delineation into two distinct combinations is hos
evidentin the temperature and plaspdistributions. The ra-
dial symmetry is broken, there is a clear opportunity to #ave
tigate interaction between the flux tubes, but they are @imos
identical.
For more challenging configurations we require more flux
tubes with irregular spacing. First, we need to consider the
consequences of this configuration for the MHD equations.

2.5. Consequences for the MHD equations

In the preceding Section 2.4 we have derived profiles for
the background pressure and plasma density. Supppaad
py are now thus defined for the magnetic flux tube pdi;
and 2B, If we subtract Eq. (7) from the unperturbed Eq. (2)
as presented in Section 2.2 then we obtain

aui 7& + Bbijj . i BbiBbj . .
Po 9 o, Do 72% x; 1% PoYi
=—(01; + 92;) [

1By O 2By, 2Bys 0 1By,
b3 b b3 b ] . (29)
po  Oxs po  Oxs




where(zy, xo, x3) =
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(z,y, z) andd;; is the Kronecker delta

tension forces.

and the latter equality arises from the supplementary terms This magnetic field, with two flux tubes may be expressed
applying in Eq. (26). That is, the system is out of equililomiu

because the equality of Eq. (7) is no longer valid for the mult
flux tube configurationin this form the advective term from

Eq. (10) would also contribute, as # 0; for the background
state. However, by restoring equilibrium as follows, tieig

reverts to zero.

asB = le-i- 2Bb—|—B Thl,IS|B|2 = |1Bb|2+|2Bb|2
|B|2 +21B,-B+22B,,- B+2'B,- 2B,, with an equivalent
pairwise decomposition also applying for the tension force
(B - V)B. Hence, terms pertaining to interactions between a
pair of background flux tube&B,; and 2B, exclude the per-
turbationsB.

If we extend this to a network oV magnetic flux tubes

_ __le-13 with the configuration™B,, as defined by Eq. (22), but free to
(@) differ by axial location( "z, ™y), then the magnetic field can
af 1 1.2 be expressed by the sum
los . N _
| | T, B=By,+B=|) "By|+B,
E 10.4 9 m=1
< £
m {00 2 and the restriction to pairwise interactions between eath
S 5l | i flux tube, its neighbours and the perturbed magnetic fielld sti
T 1-04% applies. The latter equality from Eq. (29) can be generdlise
3
S for N flux tubes to
1 1 9 N np, 0mB
u " bz m bx
— =Fy,=— 30
~-1.2 Pb ot bal Z 1o P ( )
m, n*1|m;£n
-1 0 1 ng, 9mB
width [Mm] B Z bz O byg e
m,n=1|m#n Ho
le-13
w [T aul | in which the explicit expression for eaehn-pairing is given
al | M6 in Eq. (A10) of Appendix A.1. To satisfy the equality witly,
1o Eq. (7) must be revised to
— ) By By, 9 [ ByiBy;
| 11198 Py + e B =L A Fral, = pvgi
— 3 o 8:171 2#0 8:1:]- Ho
E 104 ¢ (312)
= oo £ Scalar multiplication of Eq. (30) witlx then yields
o5l 1 >
o 1-0.4 8 N
£ N "By O Bbx "By 0 Bby
S ap = —
| 0s? Foau=—u, ), —= B>
1 < m,n=1|m#n m,n= 1\7717571
-1.2 (32)
I_1 6 and Eq. (8) must also be revised as
w w w 0 By By 0 [ By By;
-1 0 1 Ui — <pb + M) —Uip— <u) —Fraliwi = ppgit;-
Width [Mm] Ox; 2410 Oz; \ po

FIG. 4.— 2D slices along = 0 of forces applying in Eq. (30) for flux tubes

at axes(z,y) =

(1.2,0), (1.2,0), (—1.15,0.15), (—1.25, —0.15) Mm of

the &-component(a) and g-componentb). Indicative magnetic field lines

are overplotted in blue.

The z-component, Fig. 4 panel (a), and thecomponent,

(33)
Now, subtracting Eg.(31) from Eg.(2) and Eg.(33) from
Eq.(3) we obtain the revised MHD equations for the per-
turbed momentum and energy

panel (b), of the net forces from Eq.(29) applying along
y = 0 for two pairs of flux tubes are illustrated. The pair
of flux tubes on the right share an identical axigaty) =
(1.2,0) Mm, so the forces applying between them are zero
ony = 0, whereas on the left the flux tube axes are slightly
separated with respect to both thendy directions. These
forces are most evident in the chromosphere, where the field
curvature is strongest. Alternating azimuthal trajee®srof

the forces with radius and height suggest mutual torsiosral o
cillations would result in the absence of any balancingderc
There are also forces acting between both pairs, but these ar
negligible near the footpoints, because of the large agiad s
aration, and in the corona, because of the weakness of the

IN(py +pui] | 0 _ N
—_ L — Wi 34
o + oz, [(py + P)usuj + pr (34)
0 B By, + B zB + B B
- a b b + Fbalz sz,
Ly Ho
9e 0 N B;B; N
5% + 8—% (ep +€)uj — L, + pru; (35)
0 BiBbj + Bbiéj 4
du; Ho '
ou;  By;Byp; Ou; ~
+porg e
Z 140 8%
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With the addition ofF',,,; in Eq. (34) the unperturbed system
has

ou PR LT
pba =0 - A 5.78
103_99 280 1
Note also, this does not affect any terms depending on the
perturbations and is independent of changes to the pedurbe
system, so remains constant over time and the background i 10°
in equilibrium.
The corresponding term'},,; - v in EQ. (35) is zero in the 10*
steady state, but is apparently subject to amplificationdsy h 2
izontal components of the velocity field. However, an equal 10
and opposite effect is present due to the subtraction of the 10°
other terms in Eq. (33), so these combine to result in zero net . @
energy effect. 10 &
g 140\ 102 5
2.6. Inhomogeneous multiple flux tubes 10° e C)
As outlined in Section 2.5, when adding multiple flux tubes, Height (Mm) 1
the background magnetic pressure gradient and tensioa forc 10
are fully specified by the sum of single and pairwise interac- 10"
tions between each flux tube. Thus, given a magnetic field
comprisingN magnetic flux tubes,
N 102
Bb = Z me7 (36)
=1
" — 40302 0-0%50 & =
N N 0.00 by
p=pmt Y "Bt >, "pom (37) Width (Mm)
m=1 m,n=1|n>m
FIG. 5.— Magnetic field comprising flux tube sources with indegesrt
and axes located afz,y) = (0.34,0.20), (—0.31, —0.34), (0.07,0.33) and
(0.14,0.04) Mm. Sample magnetic field lines are overplotted in blue and
N N isosurfaces indicate the variation in plasfmaBackground fill shows thermal
Pb = pon + Z mpbm + Z mnpbm, (38) pressuren those planes

m=1 m,n=1|n>m

in which ™"p,., and ™"p,,, represent the action 6B, on

"By, andvice versa. Hence, the inequality under the summa-

tion is required for this quantity to be counted only once for
each pair of flux tubes.

On scales below the minimum observable resolution the
fine structure of the magnetic field can add to the complexity
and dynamics of a magnetic flux tube. We combine four inde-
pendent magnetic sources clustered within a photosphetric s
face element” x 17 & 725 km x 725 km. This corresponds

The time-independent momentum equation describing theto the maximum resolution for the magnetic field observa-

background equilibrium is then

|Bb|2
2#0

(By - V)By,
Ho

where F'},,; is as specified by Eq. (30). Note, this solution
will yield a different equilibrium configuration to the saion

of Eq. (23) (Section2.4), valid for a single flux tube. Con-
sider some single flux tube, with',,; = 0. Let us construct
an identical flux tube by combining some field configurations
with a common axis of the fori*'B,,, thenF',,; will be non-
zero. Therefore, the solution of Eq. (23) for the single flux
tube will obtain different distributions for pressure anehe
sity to a solution of Eqg. (39) for an identical magnetic field,
with the former equilibrium satisfying Eq. (10) and the éatt
Eq. (34).

pbgﬁ - Vpb + Fbal == 07 (39)

tions of, for example, the Helioseismic and Magnetic Imager
of the Solar Dynamics Observatory (Kosovichev & HMI Sci-
ence Team 2007). Hence, the fine structure of a magnetic
field configuration below this resolution would be treated as
a single flux tube, but may well be, and most likely is, the
combination of an irregular magnetic field network.

We, thus, construct a non-axisymmetric background mag-
netic field, that in the corona forms a single identifiablestr
ture, but in the chromosphere has significant complexity. Al
though the field lines merge in the corona, they retain com-
plexity in the form of pressure, density and plasméuctu-
ations. An example of such an arrangement is illustrated in
Fig. 5. Perturbations to this steady background will be ectbj
to non-linear effects in the horizontal direction, due te ih
regular field strength, and also in the vertical directiare tb
the pressure gradient and the transition from the high to low

We have devised a background magnetic field constructionplasmag regime.

by the summation of multiple locally defined field configu-
rations in magnetohydrostatic equilibrium with the sfiatl
atmosphere, spanning the transition between the solaophot

sphere and lower solar corona. Let us consider some opportuare small compared to the vertical differential.

nities presented by this arrangement.

For the same field configuration a 2D horizontal slice at
z = 0.5 Mm of the steady background thermal pressure pro-
file is shown in Fig. 7. The deviations in the plasma pressure
Over@dtt
in blue are some magnetic field lines. As might be expected
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FiG. 6.— Example of magnetic field configuration modelling gdanlanes within the photosphere. Multiple flux tubes emegghrough the chromosphere

along a narrow lane merge in the corona to form a magneticpyano

field lines emanate from the flux tube axes, indicated by theBy the height of the Transition Region the smaller depres-

light (low pressurgegions). Above the three footpoint axes
located at the photospheie the positivex, y quadrant the
pressure has already merged into a single depression.

157
B
= —
— ©
= &
g Is%
(0]
1

-0.4 -02 0.0 0.2 04 4

Width [Mm]

FiG. 7.— 2D horizontal slice of thermal pressurezat= 0.5 Mm for
the magnetic field comprising flux tube sources withotospheric foot-
point axes independentlpcated aix, y) = (0.34, 0.20), (—0.31, —0.34),
(0.07,0.33) and (0.14,0.04) Mm, as identified in the figure by white
crosses Due to radial expansion, by > 0.5 Mm the three flux tubes in
the positive quadrant have merged. Indicative horizonegmetic field lines
are overplotted in blue, diverted where the flux tubes ietrs

sion within the flux tube anchored to the photosphere at
(z,y) = (—0.31,-0.34) Mm also merges with the other
three to form a single, non-uniform low pressure core inside
the composite magnetic flux tube. In the plane field lines are
not purely radial, with azimuthal trajectories appearing tb

the influence of neighbouring flux tubes. Between the axis at
(—0.31,—0.34) Mm and the other three axes field lines with
opposite polarity appear to meet, and in the regions between
the three positive axes there are high concentrations af fiel
lines as they merge with each other. In 3D these lines do
not meet due to the vertical component of the field. However
magneto-acoustic waves along these converging field lines
may interfere with each other near these intersections.

In ideal MHD there is no mechanism for reconnection. For
numerical stability, however, simulations require a miaim
level of numerical diffusion. Such diffusion will be stroest
in regions where the field lines converge resulting in togelo
ical changes to the field configuration analogous to magnetic
reconnection.

As well as providing interesting structure for a single flux
tube as in the preceding example, it is possible to construct
networks of flux tubes on larger scales. Fig.6 illustrates a
3D rendition of the magnetic field resembling a granular lane
This could be extended to form a ring or other network of flux
tubes. With sufficiently large numerical domain the horizbn
interactions in the corona between flux tubes and networks of
flux tubes can be explored. Even in the corona, on this scale
the field can exhibit much more anisotropy.
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FiG. 8.— Example of magnetic field configuration modelling anvactegion with multiple magnetic bright points and emeggftux tubes. The strong
compact individual magnetic flux tubes in the chromosphpreas with height and merge to fill the corona.

In Fig. 8 we display an environment resembling a solar ac- netic field.
tive region comprising a multitude of magnetic bright psint This is a significant advance in achieving realistic mod-
with flux tubes emerging from the photosphere. Although the elling of the magnetized solar atmosphere. The solutions
magnetic field spreads out to fill the corona, the merger is farmay also have application in other astrophysical environ-
from uniform and this presents an opportunity to explore the ments such as sunspots or magnetized atmosphere in gas gi-
dynamics between, and within, neighbouring flux tubes. ants This advances the possibilities for analysis and numeri-

All of these examples are in magnetohydrostatic equilib- cal simulation of systems with background equilibria orgjua
rium for the stratified solar atmosphere, with positive plas  equilibria. In particular, the existence of non-axisymritet
pressure and density throughout and low plagmia- the inhomogeneous configurations facilitates research of non-
corona, while forz < 1 Mm plasmag > 1. linear interactions between neighbouring flux tubes. Prase

Typical footpoint field strength for each flux tube is near of convergingfield lines between flux tubes may lead to inter-
100 mT, but varies depending on the number and proximity esting dynamics.
of neighbouring flux tubes. Care in the field construction is The model extends from the solar photosphere to the so-
required, with respect to the vertical and radial expanfion lar corona, incorporating the temperature minimum and the
tors, footpoint strength and axial proximity. The magnetic Transition Region. There is some scale-independence to the
field strength should not become so high as to require plasmanodel, in the sense that it could apply to a single flux tube
pressure or density to be negative in order to satisfy the-pre emerging from a magnetic bright point or to more extended

sure balance. surface areas including flux tube networks in an active solar
region. In the smaller scales, such as magnetic bright points,
3. SUMMARY AND DISCUSSION the flux tubes environmentis far from force free.

. L There are two important analytical results. We have identi-
We have solved analytically the time-independent MHD fieq 3 sufficient condition to have a force-free steady sofuti
equation of momentum for a configuration of multiple open for 3 magnetic field configuration subject to external vaitic

magnetic flux tubes in magnetohydrostatic equilibrium em- grayitation, as specified in Eq. (A6) AppendixA.1
bedded within a solar stratified atmosphere, with realjstic

rameters for plasma pressure, density, temperature and mag 9B. OB 9B. OB.. OB. OB
netic field strength. The equilibrium is maintained throirgh T = —2 and E = 2 Y
clusion of appropriate horizontal balancing forces, whigh 9y Oz dy 0z Or 0z
have also identified and calculated. It may be argued that in-_, . . . . .
clusion even of an appropriate choice of b)glancingg forces un This result is consistent with that of Low (1985), applying a
dermines the relationship betwe#h p andp, permittingany ~ 9eneral magnetic field of the form

arbitrary atmosphere to be constructed. This would negate

comparison with the real solar atmosphere. However, in our B = <% 9¢ 1/,)

model the atmosphere is also constrained by observational ox’ oy’ ")’

comparison, we restrict the balancing forces to be the mini-

mal requirement to solve the system, and so the atmospherieavhere¢ and) are scalar functions. The former condition in
adjustments remain largely determined by the applied mag-Eq. (A6) is immediately satisfied, and the latter is equintie
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specified by force free. Many other physical forces may play a significant
926 i 926 0 role, such as radiation, partial ionization effects andrtiad
St S i conduction. Nevertheless, this is a considerable advance t
0z0z 9y 0ydz Ox wards modelling effectively some part of this complex and

dynamic system.

For our self-similar flux tube model, we have verified that it
is not possible to construct a field of neighbouring flux tubes
with a steady solution in the absence of balancing forces.

for which the general solution ig(x, y, z) = ¥(z,d¢/0z).
This leads to the general solution of Low (1985) for the
plasma pressure of the form

1 | o9/0: These forces can be identified and calculated, so that the
Lo b N du — _ 40 background be in quasi-equilibrium. It would be interest-
Pt 2110 1o (2, u) du = po(2) (40) ing to investigate whether this approach could be extended

) ) ) . to magnetic fields with twist, such that the former condition
po(2) is an arbitrary functioni,, in our model). Thetermun- in Eq. (A6) is not satisfied, but that balancing forces mig#tt y
der the integral is typically non-linear without a ready lgtia be identified.
solution. Low (1985) found a particular solution with = An alternative approach could be to extend the analysis of
ad¢/dz. Summing magnetic structures, as we have donelow (1985) and seek a magnetic field that satisfies completely
in Section 2.6, Low (1985) constructed a non-axisymmetric Eq. (A6) by construction. From the solenoidal condition
multi-nodal configuration.

In our model @ @ ﬁ %
) 0x? * 0y? - 0z 1) 0z (42)
~ "Sfo” 0Bo.

¢=-p5 5% G and ¢ = "SBy.”> "G+boo # 0d¢/0z,  seek a solution with and ¢ in a form that may be adapted
0= (41) to match the observed magnetic structures of the solar atmo-

so that, for the single flux tube, our model yields a new ex- sphere. Finding such a solution is a considerable challenge
plicit solution to Eq. (40). The general solution of Low (B8 and there is no guarantee that such configurations should re-
requires Eq. (A6) be satisfied for Eq. (23), i.e. force-fratge  alistically model open flux tubes or loops. Whilst we will
have not verified, whether this is a necessary conditiorh suc consider this approach in future, it is well beyond the cur-
that failure to satisfy this condition would exclude the gies ~ €ntaims: construction of currently observable compl@plo
bility of a force-free steady solution. Here, we introduce a Structures, with the ultimate goal to investigatave propa-
new set of explicit solutions, applicable when the latterdie ~ 9ationandwave energy transport/couplirig such complex
tion in Eq. (A) is satisfied for the net magnetic forces apply SYStemS. Itis not our intention, here, to model loop or &ctiv
ing to Eq. (39). These solutions allow general configuration €gion dynamics, which involve evolution of the background
for the magnetic field. Superpositions of various magnetic dU€ 0 processes, such as reconnection, field relaxation, et
field configurations may be combined. Provided the former !N this article we have restricted our examples to systems
equality in Eq.(A6) is satisfied for each individual configur ~ ©Of 0pen flux tubes of the same polarity. In AppendixA, the
tion, an analytic solution to Eq. (39) exists fay andps, with derivation is also valid for solutions involving oppositelr-
F1,.; minimally defined by Eq. (30). ity. Indeed, the constantsS need not be identical, taking any
Note that the former equality in Eq.(A6) is equivalent to the S€t of real values subject to the constraint that plasmapres
condition./. = 0, the vertical component of background cur- &nd density remain physical. This could add further cumeatu
rent density and corresponds to an untwisted magnetic fielgfor the magnetic field to the non-trivial field curvature that
configuration. Our background field is not current free. In this article describes between flux tubes. A further, though
the axisymmetric model, applying for the single flux tube, th  Ve€rY challenging, improvement would be to include torslona
background current is purely azimuthal. For the multiple flu  omponents to the flux tubes, withy, 7 0. _
tubes the background horizontal current includes radidl an _Simulations using alternate steady background configura-
azimuthal components. Let us stress that this does not ex!ons with single and multiple flux tubes, will help identifye
clude.J, for the perturbed system. extent to which the interactions between magnetic flux tubes
Low (1985) took the approach of identifying the condi- @MPplify or dampen the transport of energy in the lower so-
tions in Eq. (AB) and constructing a magnetic field to satisfy & atmosphere. Also analytical investigation of the vasio
these. His solution was applied to an exponential model-back €quilibrium conditions could advance our understanding of
ground pressure, which approximates a coronal atmospherdhe structure and forces acting in this solar region.
Our approach is to seek a construction for the magnetic field,
which is sufficiently flexible to adapt to the observed mag- ACKNOWLEDGEMENTS
netic structures and which matches the more realistic splar FAG is supported by STFC Grant R/131168-11-1. RE is
mosphere modelled by Vernazza et al. (1981) and McWhirteralso thankful to the NSF, Hungary (OTKA, Ref. No. K83133)
et al. (1975), and would permit an analytic solution. We are and acknowledges M. Kéray for patient encouragement. The
motivated by physical considerations, such as controtligy  authors would like to acknowledge the NumPy, SciPy (Jones
radial expansion of the flux tubes distinctly for the chromo- et al. 2001), Matplotlib (Hunter 2007) and MayaVi2 citepra-
sphere and for the corona. Therefore, the latter condition i machandran2011 Python projects for providing the computa-
Eq. (A6) has been used to identify those terms, which can onlytional tools to analyse the data. We also thank Stuart Mum-
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APPENDIX
SOLUTION TO BACKGROUND STATIC EQUILIBRIUM
Non-vanishing terms in the curl &fp
If we consider Eq. (24) for a general magnetic fi#dsubject to gravity acting only along the vertical directiare require

(B

-V)B BJ?
v)B B

VXVP:Vx(pgé—i—

(A1)

)-o

Io 2410

On the left hand side the pressure is a scalar, so this terishes The magnetic pressure term as a scalar also hasingnish

curl, so for the magnetic tension and gravitation we require

0 B 0 B, ]
~ (B-V)=2 + —_~Z(B- V2| = 0, A2
dy {( >M0 pg} 9z [( )Mo_ (A2)
0 B, 0 B, |
— (B- V=2 -2 [(B-V)=2 = A
(R B AR ] 0 #3)
0 B 0 B, ]
— BV—y}——[B-V—I: 0. A4
Oz [( )Mo dy ( )Mo_ (A4)
From Eg. (A4) we obtain
0 0 0B 0B, 0B, 0B, 0B 0B, 0B
—[(B-V)B,)| — =[(B-V)B,)] = B.v-——= Y == -4 == =. A
Ox (B-V)By)] oy (B-V)B.)] =0= [ v 0z } ( Ox dy ) * Or Oz dy 0z 0 (%)
A solution to Eq. (A5) exists if
9B, 0B, 9B. 0B, 0B, 0B,
oy  Ox and oy 0z Oz 0z (A6)

Eq. (A6) is a sufficient condition to satisfy Eq. (A4). Difeartiating Eq. (A2) with respect te and Eq. (A3) with respect tgp and

then summing them, we are left only with thederivative of Eq.

(A5). Again we obtain the relations in E&46) as a sufficient

condition to satisfy fully Eqg. (Al). Indeed this may be a n&esagy condition for a steady magnetic field within a vertgralvity
field (Gabriel 1976; Gibson & Low 1998), but we have not vedfibis.

In the case of the self-similar construction for a single fiulze defined by Eq. (24oth conditions in Eq. (A6) areatisfied.
However, for a pair of flux tubes denoted BB, and "B, wherex; # x; or y; # y;, the latter condition in Eq. (A6) is not

satisfied for the cross terms
0By, 0By,

dy 0z 7

0By, 0" By,

(A7)

ox 0z
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In general configurations of vertical flux tube pairs may ue derivative terms for which;z; # z;y;, failing to satisfy
Eqg. (A6). We have not identified an alternative constructiowhich this pairwise interaction can satisfy Eq. (A6). laynbe that
for an asymmetric field magnetohydrostatic equilibriumraatrexist in the absence of balancing forces, but we haveardtad
this.

From Eqg. (A7) the non-vanishing terms in Eq. (A1) can be idiet A sufficient requirement to equate the right-hand side
0 will, thus, be to include a balancing force inside the braske

_ mez aanz P anz amez P mez aany ~ anz amey ~
wo Oz v wo Oz v wo 0z 4 wo 0z Y (A8)
It follows that it is sufficient to modify the interaction tes in Eq. (25) to
"B B "B
anpbln+V<me' b)< b-V> an< b-V) "By (A9)
Ho Ho Ho
"By, 0"B "By, 0™B "By, 0"B "By, 0™B
+ bz bx &+ bz bx & + bz by :0 + bz by y B m"pbmgﬁ -0

po 0z po 0z po 0z po Oz

In this form we can now follow Appendix A.2 to solve fprandp. With plasma pressure and density thus modified, the egualit
in Eq. (23) for the pressure balance is no longer valid. Thikhe restored by adding to the right hand side the sum ofdsrc
mnE matching the net force applying dtB;, due to "B,,. Explicitly

mez aanl N mez aany ~
& — ]
po Oz o 0z

_ (,CE — J/’)CB + (?J - y)y ng ney [mSBOz2 el + bOO]
Ho

— (A10)

272\ (9B, \’ °B
1— f 0 0z + BOz 0 0z
fo? 0z 022
Plasma pressure and density adjustment
Basic quantities and derivatives

Listed here are the various derivatives from the expresdimna single flux tube, which will be required in the calcidas.
o™f  (x— "x)Bo. o™f  (y— "y)Bo. orf _ ., 0Bo. 0MG _ 2"Mf"G

oz oy w0 oz 9z omf g2
0mG 2@ —"x)Bo.*™G  9™MG  2(y— "y)Bo.*"G  9"MG _ 2™f™G™r OBy.
or fo? 0y fo? 0z fo? 0z
We will require the derivatives in these expressions aseit
m _ m)2 3
0"Brs _ mgme; (2(1’ )" Bo:” _ BOZ) 0By (AL1)
Ox fo 0z
m m m _m, . m, 3 m,
0" Bua _ 9™ By, _ 2" (x ff)(yz y)Bo:" "G 9By (A12)
oy Ox fo 0z
0"Bur _ gy gy (2702 1) 0Boz" gy gy, o (A13)
2z * * fo? 0z ‘ )0 022
m _ omy\2 3
a Bby — msmG (M o BOZ) aBOZ (A14)
dy fo 0z
0" Buy _ mg(yy — myymez (21£2 OBo:" _ ms(y — my) By, LD (A15)
5, — cWw—Ty 102 EP y — "y)Bo- 9.2
m _ m, 4 m,
0™By, _ mSQ(x x)QBOZ G7 (A16)
oz fo
m _m, 4 m,
dy fo
amez mf2 aBOZ
=2"8By. "G (1 - —= Al18
0z 580 "G ( fo? ) 0z (A18)
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Balancing plasma pressure and density for single flux tube

Each single flux tube in isolation as prescribed by Eq. (22)dxal symmetry. For convenience we retrace the solution in

cylindrical coordinates as described in Paper |, but heptyaq a constant vertical ambient background field. We aistude
the constant™S = +1, allowing alternative polarity to be considered for each flube.

0 "Dym 772|me|2 N mBy,. O™By, N mB,. 0™By,

or or  2up uo or m) 0z
0 |me|2 me7 B (THSBOZ2 mG+b()())g mgm,. g mGaB()Z
or 2140 r 2140 4o 0z 02 0z
0 ™BE MS®By."f™G? (0Bo.\’ N 282 By, "f*"G? (9Bo:\®  ™Sbeo "f "G 0°Bo.
T Or 2u0 1o 0z 1o fo? 0z 1o 022
N [2”‘51)00 mpAmG meoomfmG] (aBOZ) mG2 By 2mfm02 92By.
110 Bo- fo? 1o Boz 022
_ 0Bl "2 0 (i 0Bo: ) O mSQBOZfOQW 9”Bo:
Or 2 20 Or 0z or 4p 022
L0 ("Sboofo’ "G 9*Boz\ 9 MSboo"f2"G [0Bo.1"\ 0 [ "Sboofo’ "G [9Bo. "
or 210 Bo= 022 or poBo.> 0z or 2410Bo.> 0z '
Integrating with respect to we obtain a solution fof"p;,,, as
m _ _|me|2 ~ "Sboo ™ mf2 fo 9B\’ L mS2 By, fo® "G? 0% By, i "Sboo fo> "G 82 By, (A19)
Pom 2110 1o Bos> 0z 49 022 2110 Bo- 022

This must be matched by the solution obtained by solving:themponent of the pressure balance equation so

mB2 me 8me mB2 me ame
m, = m . dz — br T z ds = — bz / P r
Py / Pbmg Az 2/L0 + / 10 or z 2,[1,0 + m b
0 ™Bf, 9 ™BE "By 0By O [ "By 0™ By
= pbmg - A - + — —dr
0z 20 0z 20 140 or 0z 140 0z

m - mG2m 2 mG2 0: | mS2 By, G2 0 MSboo By, "G
PmI= 0z \ ——2m 0z 240 0z 110

9
15)

9 [ msrmprmGe 0= n K ™S2 By fo? "G? 9* By n "Sboo fo° ™G 02 Bo.
0z \_—2m 0z 0z 410 072 072
9
15)

dr

2p0Boz
"800 "G (s, fo2\ [0Bo. 17\ = ™S2mf™G By, o )
o - TYv = m . B . m,
< 0By < I ”a A G

m 52 MG2 fo m 0By, 0°By,  3™Sby "G fo m dBy. 9*By:
Pom = ————— | —— — "f? f?

Hog 0z 022 MOQBOZ2 0z 022
MSboo ™G [ 2™ 0By, 1 2™MSboy By, ™G [ ™f? OBy
_i_{ 00 ¢ < é b+ mfzﬂ { 0 } n 00 Bo < f2 _1) 0
HogBo- fo 0z Hog fo 0z
N |: mS2BOsz2 mey2 me00f02 mG:| aBB;)Z B 2 mS23023 m2 aBOz ' (A20)
41109 24109 Bo- 0z Hog 0z

The distribution for the plasma density can therefore baiakt by dividing Eq. (A20) by. For our example we apply a constant
g for simplicity due to the small variation over the verticalndain of our model, but the solution is equally valid with iedie
gravity g = g(z). However, it is not suitable for including self-gravity dtethe horizontal fluctuations in the plasma density.

This would arguably be very small in comparison to the glauddr gravity for the scales we are considering.
Plasma pressure and density from pairwise interactions

We require™"p,.,, the pressure deviation in response to the force exertedibyfbe configuratiori”B, on "B, and vice
versa. Taking advantage of the equality in Eq. (A12)qkderivatives in Eq. (27) can be transposed and the tensiorsteancel
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directly to yield
0™pom __ 0 ("By:- "By | "Bra 0"Boa | "Bra 0"Buw | "Bry 0"Buy | "Buy 0" By
oxr  Ox 1o o  Ox o  Ox o Oz to Oz

_ g mez anz
o O Ho .

Integrating with respect to we, thus, obtain

Ty = =" (A21)
Ho
plus an arbitrary function constantin Solving Eq. (27) for thg-component recovers the identical solution, so any adwitio
terms can have only-dependence and are fully accounted for within the hydticdtackground termgy;,, andpy;,. The solution
to Eqg. (28) must also match so

mn, mn m anZ n meZ me ' an mez anz
Pme/ Pbmg + ("By - V) +("By- V) dz — = -
Ho Ho Ho Ho
o 0 [ "Byy "By 0 ([ ™Byy, "By m "By " By
g (BB D (BB (g, B,
2 Ho 0z o Ho Ho
a maomn n meyn aBOz ? 8 m n m aanz
o pbmg—a_< S"S(x — "z)(x ) "G"G |:BOZ 9% ] ) 82( By. "By.) B 9z
LD (mgn " o 0Bo:1*\  mp 0"Bo:  up 0"Bh: o, 0B
__omgn m n men, aBOz 2m, aBOz 82302
..=2"8"S(x — "x)(z — "x)Bo. "G G{ 52 ] +2™M8"S(z — "x)(x — "x)Bo.” "G"G 92 9.2
M — e — ") Bosde GG [9B02]” gmang(n - mpy( — ey, L g [2Bos]”
0z, 5 f() 92 0z 5 f() B
n, 8BOZ 2m 8302 82302
+2™MS"S(y — "™y)(y — "y)Bo: "G G{ 9% ] +2™S"S(y — "y)(y — "y)Bo.~ "G"G 92 9.2

N—WLWPG%ZZBG&ﬁ%W
f02 0z 2702 922

WW27F@%ﬁﬁBa%M%W

2
Moy = —"5"S(x — "x)(x — "r)Bo. "G"G
Hog

2
+—"8"S(y — "y)(y — "y)Bo."G"G

1oy fo? 0z 702 022
) B B 2(n,. __ m,.\2 B 2/n, _ mny\2
+ _mSnSBOZS mey nGa 0z |: 0z ( :EQ :E) + 0z ( y2 y) _ 2:|
1og 9z fo fo
2 B, mgmeyYm£2 nqQneYnf£2
i —booBOZ 0 0z |: S G2 f — mgmag 4 ﬂ _ng nG] . (A22)
1og 0z fo fo?



