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ABSTRACT
A system of multiple open magnetic flux tubes spanning the solar photosphere and lower corona is modelled

analytically, within a realistic stratified atmosphere subject to solar gravity. This extends results for a single
magnetic flux tube in magnetohydrostatic equilibrium, described in Gent et al. (MNRAS,435, 689, 2013).
Self-similar magnetic flux tubes are combined to form magnetic structures, which are consistent with high-
resolution observations. The observational evidence supports the existence of strands of open flux tubes and
loops persisting in a relatively steady state. Self-similar magnetic flux tubes, for which an analytic solution to
the plasma density and pressure distribution is possible, are combined. We calculate the appropriate balancing
forces, applying to the equations of momentum and energy conservation to preserve equilibrium.

Multiplex flux tube configurations are observed to remain relatively stable for up to a day or more, and it is
our aim to apply our model as the background condition for numerical studies of energy transport mechanisms
from the solar surface to the corona. We apply magnetic field strength, plasma density, pressure and temperature
distributions consistent with observational and theoretical estimates for the lower solar atmosphere. Although
each flux tube is identical in construction apart from the location of the radial axis, combinations can be applied
to generate a non-axisymmetric magnetic field with multiplenon-uniform flux tubes. This is a considerable
step forward in modelling the realistic magnetized three-dimensional equilibria of the solar atmosphere.
Subject headings:Sun:atmosphere — Sun: transition region — Sun: chromosphere — instabilities — magnetic

fields — magnetohydrodynamics (MHD)

1. INTRODUCTION

At a radiusR⊙ ≃ 696Mm from the Sun’s core its luminous
surface, the photosphere, has atypical temperature of about
6500K. Based on estimates from semi-empirical 1D models
at h ≃ 0.35 − 0.65Mm above this surface the temperature
falls to a minimumT ≃ 4200K. The temperature then rises
with height and experiences rapid jumps to105K just above
h ≃ 2Mm and to106 K beyondh ≃ 2.5Mm (Vernazza et al.
1981; Priest 1987; Aschwanden 2005; Erdélyi 2008, and ref-
erences therein). The mechanismof heating the solar corona
is not well understood. The solar atmosphere is highly ac-
tive. Jets, flares, prominences, spicules and flux emergence,
among others,carry mass and energy from the surface into the
atmosphere. Although frequent and powerful, these solar ac-
cumulated events do not yet appear to be of sufficient energy
to explain the consistently high temperatures for the corona
(Zirker 1993; Aschwanden 2005; Klimchuk 2006). An al-
ternative view may be that solar magnetic field lines, in the
form of magneticflux tubes, act as guides for magnetohydro-
dynamic (MHD) waves that may carry the missing energy to
heat the corona to observed temperatures (Jess et al. 2007;
Morton et al. 2012; Wedemeyer-Böhm et al. 2012)

Coronal loops, comprising strongly magnetized flux tubes,
permeate the atmosphere. Given the very low thermal pres-
sure in the solar corona the magnetic pressure can become
dynamically dominant. From the photosphere to the lower
corona there is a drop of six orders of magnitude in the plasma
pressure and nine orders of magnitude in the plasma density
(Vernazza et al. 1981). Just above2Mm from the photosphere
there is a transition zone, called the Transition Region (TR),
where there is a jump in plasma density and temperature of
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two orders of magnitude, evident in the black lines of Fig. 1
(see also Fig. 1 of Gent et al. 2013, hereafter referred to as
Paper I).

Typical footpoint strengths of100mT (1000G) are ob-
served for magnetic flux tubes emerging from the photosphere
(Zwaan 1978; Priest 1987; Aschwanden 2005; Erdélyi 2008,
and references therein, the latter Ch.8.7, Ch.5, respectively).
An isolated magnetic flux tube must, therefore, expand ex-
ponentially in radius as it approaches the TR to balance the
plasma pressure. Environments with such large dynamical
scales are highly challenging to model (DeForest 2007).

Although on some solar time-scales they may be regarded
as transient features, magnetic flux loops persist in relative
pressure equilibrium with the ambient atmosphere for many
minutes, days or longer(McGuire et al. 1977; Levine & With-
broe 1977; Malherbe et al. 1983). Let us consider the mag-
netic field as a wave guide for carrying energy from the lower
solar atmosphere and releasing it as heat high in the corona.
We can take advantage of the steady background state of the
magnetic field and plasma to investigate such transport mech-
anisms with a series of numerical simulations (Shelyag et al.
2008; Fedun et al. 2009; Shelyag et al. 2009; Fedun et al.
2011a; Vigeesh et al. 2012; Khomenko & Collados 2012;
Mumford et al. 2014).

Magnetic flux tubes appear to exhibit over-dense cores in
the corona, in apparent contradiction with hydrostatic equilib-
rium (Aschwanden et al. 2001; Winebarger et al. 2003). Mod-
elling a single flux tube in pressure equilibrium for the corona
dictates that the internal magnetic pressure arising from apre-
dominantly parallel field will reduce the plasma pressure and,
consequently, also plasma density or temperature. Combining
multiple flux tubes may induce magnetic tension forces restor-
ing and potentially even enhancing plasma density within the
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flux tubes. Fig. 1(a) displays the axial profile for the plasma
pressure, temperature and density with the same parameters
for the magnetic flux tube as applied in Paper I, but with some
revisions as outlined in Section 2. Significantly, in the corona,
the plasma density inside the flux tube is lower than the am-
bient plasma. Note, a more gradual expansion of the flux tube
is applied (panel b, below1Mm, blue, dashed line). The re-
sulting plasma density, and to some extent the pressure, is en-
hanced in the chromosphere and TR, where there are strong
tension forces applying, but not in the corona where the field
lines are predominantly parallel.
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FIG. 1.— 1D-slices along the axis of a single magnetic flux tube for ther-
mal p [Pa] (solid, green) and magneticB2/(2µ0) [Pa] (dashed, blue) pres-
sure, temperatureT [ K] (dotted, red) and plasma densityρ [µgm−3] (dash-
dotted, purple). Panel(a) has parameters matching Paper I, while(b) ap-
plies a reduced expansion rate for the flux tube in the chromosphere. Inter-
polated 1D fits to the vertical atmospheric profile are shown in black lines
(Vernazza et al. 1981; McWhirter et al. 1975, former up to 2.3Mm; latter
above 2.4 Mm). Differences between model and reference profiles vanish
away from the flux tube axis.

Numerical models with a single flux tube may miss some
of the interesting non-linear effects arising from interactions
between neighbouring flux tubes. Khomenko et al. (2008);
Khomenko & Collados (2012) have constructed a 2D mag-
netic field with multiple flux tubes for a domain which does
not include the transition region and where each flux tube
is identical to its neighbour. Hasan et al. (2005); Hasan &
van Ballegooijen (2008) have constructed a 2D magnetic field
which does extend into the low corona. In this paper in a do-
main from the photosphere to beyond the Transition Region
we construct a 3D magnetic field with inhomogeneous multi-
ple flux tubes. This is a considerable step forward in realistic
modelling of three-dimensional magnetic networks embedded
in the highly stratified solar atmosphere.

In a series of papers Low (e.g. 1985, 1988) describes a
method for deriving analytically the equilibrium plasma pres-
sure and density distribution for a set of magnetic field config-
urations. This result was applied to the global solar magnetic

field structure and coronal mass ejections (e.g. Tsinganos &
Low 1989; Gibson & Low 1998).

Here, we describe an alternative, empirical method for con-
structing an equilibrium magnetic field comprising multiple
non-uniform flux tubes within a realistic stratified solar atmo-
sphere. Our aim is to describe analytically a structure for the
magnetic field, matching observational models (e.g. López
Fuentes et al. 2008; Kontar et al. 2008; Verth et al. 2011; Jef-
frey & Kontar 2013). We derive analytic expressions for ad-
justments to the plasma pressure and density, due to the mag-
netic field, to restore pressure balance, also constrained by ob-
servational parameters. We identify empirically the minimal
balancing forces applying to the MHD equations of momen-
tum and energy conservation that preserve this equilibrium.

The paper is organised as follows. Section 2.1 clarifies
what changes have been introduced in comparison to the sin-
gle magnetic flux tube model detailed in Gent et al. (2013).
Section 2.2 describes how the MHD equations governing the
perturbed system must be framed to account for the steady
background utilizing multiple flux tubes of the form defined
in Section 2.3. Section 2.4 outlines how the atmosphere is ad-
justed to balance the magnetic pressure and tension forces and
identifies the balancing forces which must also be applied. In
Section 2.5 the changes to the MHD equations are identified.
Section 2.6 has examples of heterogeneous multiple flux tube
fields that are possible with this method. A summary of the
results are presented in Section 3 with some points for dis-
cussion. In Appendix A we show some of the analytic calcu-
lations in more detail. For pairs of interacting magnetic flux
tubes AppendixA.1 demonstrates why a balancing force must
be present in addition to any changes to the plasma pressure
and density, and identifies these forces. Profiles for the plasma
pressure and density are derived in AppendixA.2.

2. MULTIPLE OPEN MAGNETIC FLUX TUBES

2.1. Development beyond the single flux tube model

Following Gent et al. (2013) we apply a background atmo-
sphere derived by a combination of modelling profiles from
Vernazza et al. (1981, Table 12, VALIIIC) and McWhirter
et al. (1975, Table 3) for the chromosphere and lower solar
corona, respectively, assuming background equilibrium pa-
rameters for the quiet Sun. The profiles interpolated as a func-
tion of height above the photosphere are included in Fig. 1
as black dotted lines (pressure), dashed (density) and dash-
dotted (temperature). Up to the Transition Region, at around
2.2Mm, the steep pressure and corresponding density gradi-
ents dictate that magnetic flux tubes expand rapidly in radius
and reduce in flux density. In the solar corona the flux tube
radius is almost steady with height. Our models, both for the
single tube and the multiple configurations, capture the refer-
ence data profiles very effectively. However, the models do
not depend on the choice of atmosphere and the derivation
described could be applied to many alternative atmospheric
models.

In constructing the magnetic field, we include a constituent
to represent an ambient magnetic field, ubiquitous within the
solar atmosphere. In Paper I the ambient field was a function
of r andz. Here we apply a constant vertical ambient field,
which still satisfies the divergence free condition and, as con-
structed, retains thermal pressurep > 0 as z → ∞. The
resulting derivatives, therefore, somewhat simplify.

For an axially symmetric flux tube it is convenient to work
in polar coordinates. This is applied in Paper I and for the in-
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dividual flux tube element of Appendix A.2 in this paper. For
a pair of flux tubes which differ by axial coordinates, however,
axial symmetry is broken. In this paper, therefore, it is more
convenient to compute the flux tube interactions in Cartesian
coordinates.

In Eq. (7) for pressure balance the magnetic tension force
is of opposite sign to the gradients of pressure. In Paper I
the tension force has the wrong sign. The derivations remain
valid. With the sign corrected the flux tube axial plasma den-
sity is no longer enhanced in the corona, although it is in the
chromosphere, where the tension forces are strongest. This
suggests the enhanced density observed in steady flux tubes
may be due to the magnetic tension forces governed by the
curvature of the magnetic field lines.

With the pressure and tension forces correctly in opposi-
tion there is much more latitude in the model parameters. The
thickness of the flux tube can extend to over1Mm, with an
upper bound on the footpoint field strength near150mTwith-
out negative pressure or density resulting. Solar magneticflux
tubes are unlikely to exhibit such homogeneity. Combining
many small uniform flux tubes in non-uniform distribution,
we may construct large heterogeneous flux tubes.

2.2. The MHD equations

A motivation for the current work is to facilitate an MHD
solution in an environment that includes a plasma density gra-
dient with nine orders of magnitude over a relatively short ver-
tical span. By confining this and other large gradients within a
static background the MHD equations can be re-framed with
respect to the significantly more modest differentials of the
perturbations.

This article employs several subscripts and superscripts.
Subscriptsi, j ∈ {1, 2, 3} denote general vector or tensor
coordinate components only. The convention of a sum over
all three components applies for a repeated index in a single
expression. In Cartesian coordinatesxi = (x1, x2, x3) =
(x, y, z), and wherex, y or z appear as subscripts they refer
only to the respective componentx1, x2 or x3.

The governing equations of full ideal compressible MHD
in their conservative form are:

∂ρ

∂t
+

∂

∂xi
(ρui)=0, (1)

∂(ρui)

∂t
+

∂

∂xj

(

ρuiuj −
BiBj

µ0

)

+
∂pT
∂xi

=ρgi, (2)

∂e

∂t
+

∂

∂xi
(eui + pTui)−

∂

∂xj

(

BiBjui
µ0

)

=ρgiui, (3)

∂Bi

∂t
+

∂

∂xj
(uiBj − ujBi)=0i, (4)

pT = p+
BjBj

2µ0

, p = (γ − 1)

(

e− ρujuj
2

− BjBj

2µ0

)

,(5)

whereρ is plasma density, and∇, u, B andg are gradient,
velocity, magnetic field and gravitational acceleration vectors,
respectively.e is the total energy density,p thermal pressure,
pT total pressure (magnetic + thermal),γ adiabatic index of
the plasma andµ0 vacuum magnetic permeability.

Following the approach of Shelyag et al. (2008), we derive
the system of equations governing the perturbed MHD vari-
ables. The variablesρ, e andB are split into their background

and perturbed components

ρ = ρb + ρ̃, e = eb + ẽ, B = Bb + B̃, (6)

where tilde denotes the perturbed portion and it is assumed
ρb, eb andBb do not vary with time.The subscriptb denotes
background, and in combination withi or j, later in the paper,
indicates the background vector component.With magneto-
hydrostatic equilibrium for the background state, such that
ub = 0, in the presence of an external gravity fieldg, from
Eq. (2) we obtain

∂

∂xi

(

pb +
BbjBbj

2µ0

)

− ∂

∂xj

(

BbiBbj

µ0

)

= ρbgi. (7)

We, then, obtain the expression matching the right hand side
of Eq. (3) by scalarly multiplying Eq. (7) byu to yield

ui
∂

∂xi

(

pb +
BbjBbj

2µ0

)

−ui
∂

∂xj

(

BbiBbj

µ0

)

= ρbgiui. (8)

Subtracting Eqs. (7) and (8) from Eqs. (2) and (3) we derive
the governing equations for the perturbations as

∂ρ̃

∂t
+

∂

∂xi
[(ρb + ρ̃)ui]=0, (9)

∂[(ρb + ρ̃)ui]

∂t
+

∂

∂xj
[(ρb + ρ̃)uiuj] +

∂p̃T
∂xi

− ∂

∂xj

[

B̃iBbj +BbiB̃j + B̃iB̃j

µ0

]

= ρ̃gi, (10)

∂ẽ

∂t
+

∂

∂xi
[(eb + ẽ)ui + p̃Tui]

− ∂

∂xj

[

B̃iBbj +BbiB̃j + B̃iB̃j

µ0

ui

]

+pbT
∂uj
∂xj

− BbjBbi

µ0

∂ui
∂xj

= ρ̃giui,(11)

∂B̃i

∂t
+

∂

∂xj

[

ui(Bbj + B̃j)− uj(Bbi + B̃i)
]

=0i, (12)

p̃T = (γ−1)

[

ẽ− (ρb + ρ̃)ujuj
2

]

−(γ−2)

[

B̃jBbj

µ0

+
B̃jB̃j

2µ0

]

,

(13)

pbT = (γ − 1)eb − (γ − 2)
BbjBbj

2µ0

, (14)

p̃ = (γ−1)

[

ẽ− (ρb + ρ̃)ujuj
2

− B̃jBbj

µ0

− B̃jB̃j

2µ0

]

, (15)

pb = (γ − 1)

[

eb −
BbjBbj

2µ0

]

. (16)

2.3. Magnetic field construction

Our approach is to prescribe the magnetic field to model a
flux tube or a set of flux tubes with structure approximating
the observed magnetic field in the lower solar atmosphere. We
place this field in a hydrostatic stratified atmosphere derived
from the observed vertical profiles of the reference data. We,
then, adjust the plasma pressure and density distribution from
the hydrostatic background as required to achieve magneto-
hydrostatic equilibrium.
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One approach to constructing the magnetic field is to ap-
ply a potential field to the prescribed atmosphere and allow
the system to relax numerically (e.g. Solanki & Steiner 1990;
Khomenko et al. 2008). Simulations of non-potential pertur-
bations may then be applied to this equilibrium. For models
utilizing very large data arrays there may be considerable nu-
merical overheads before the simulations can proceed, though
it may be possible to circumvent this problem by using damp-
ing methods. It is conceivable that we may wish to investigate
how small changes to the configuration effect energy transport
mechanisms. With our analytic approach these changes may
be implemented almost instantaneously, and we can identify
in advance exactly what changes are applied to the configu-
ration. Using the potential method the preliminary numeri-
cal relaxation must be completed and, then, the change to the
configuration investigated. It is possible the potential method
may be unsuitable for deriving background equilibrium mul-
tiple flux tube configurations. In this paper we find no equi-
librium exists for neighbouring pairs of self-similar flux tubes
in the absence of balancing forces. We are able to identify and
calculate these forces.

We revisit the self-similarity method developed by Schlüter
& Temesváry (1958) and applied variously for 2D (e.g.
Deinzer 1965; Low 1980; Schüssler & Rempel 2005; Gor-
dovskyy & Jain 2007; Fedun et al. 2011a; Shelyag et al. 2011)
and to 3D solar magnetic configurations (Fedun et al. 2011b;
Gent et al. 2013; Mumford et al. 2014). This represents one
footpoint of a coronal loop or braid of loops. The other foot-
point is presumed to be at a distance beyond the horizontal
extent of our numerical domain. The arch of the loop oc-
curs much higher in the corona than the vertical extent of our
model (i.e. the loop has large aspect ratio), such that the flux
tube may be regarded as vertically aligned.

The three-dimensional magnetic field describing the config-
uration for a single open magnetic flux tube is denotedmBb,
wherem indicates themth flux tube in a magnetic field com-
prising more than one flux tube.To distinguish the index label
for each magnetic flux tube configuration from other indices
in this article, we use only labelsm,n ∈ N and these appear
as prefix superscripts. Summation convention does not apply
to repetition of these indices.The model domain may reason-
ably be approximated in cylindrical polar coordinates, with
radius measured from the axis of the flux tube, or in Cartesian
coordinates, withx, y the local analogue of the longitudinal
and latitudinal surface coordinates. The vertical coordinate
z is aligned along the solar radius, withz = 0 being at the
base of the solar photosphere atR⊙ ≃ 696Mm. We require
an axially symmetric flux tube with axis located at(mx, my),
expanding in radius with heightz as the flux density reduces
to balance the ambient plasma pressure.

In Cartesian coordinates the components ofmBb are de-
scribed by the self-similar relations

mBbx = −mS
∂ mf

∂x

∂ mf

∂z
mG, (17)

mBby = −mS
∂ mf

∂y

∂ mf

∂z
mG,

mBbz = mS

[

(

∂ mf

∂x

)2

+

(

∂ mf

∂y

)2
]

mG+ b00.

The sign±1 is indicated bymS to determine the orientation
of the magnetic field along themth flux tube. Realb00 is
a constant, chosen to yield a weak ambient vertical field in

which any flux tubes are situated.
mf = mrB0z , (18)

mG =
2ℓ√
πf0

exp

(

−
mf2

f0
2

)

, (19)

mr =
√

(x− mx)2 + (y − my)2, (20)

wheremr is the radial distance from the axis at(mx, my) and
with mG determining the radial width of the flux tube by a
Gaussian centred at(mx, my). In the normalisation coeffi-
cient an appropriate length scaleℓ is included with the scaling
factorf0, which are uniform for all flux tubes. The reduction
in the vertical field strength along the flux tube axis is speci-
fied by

B0z = b01 exp

(

− z

z1

)

+ b02 exp

(

− z

z2

)

, (21)

with b01 and b02 assigning the typical axial field strength
from the photosphere and from the lower corona respectively.
z1 and z2 are scaling lengths. In principle, these constants
could differ between each flux tube, yielding stronger non-
uniformity in the total field. KeepingB0z uniform sufficiently
simplifies the equations for an analytic solution. The final re-
sult retains significant asymmetry.

Applying these to Eq. (17) we obtain the explicit form for
the single magnetic flux tube as

mBbx = −mS(x− mx)B0z
mG

∂B0z

∂z
,

mBby = −mS(y − my)B0z
mG

∂B0z

∂z
,

mBbz = mSB0z
2 mG + b00. (22)

Observations (Ch.3.5 in Mariska 1993; Schrijver & Title
2003) indicate the atmosphere outside the flux tubes includes
a non-zero magnetic field in many parts of the chromosphere
and, due to the local turbulence, is likely to be composed of
very small scale structures. However, at the scales of interest
the structure of this weak field is not likely to be dynamically
significant. For simplicity in satisfying the divergence free
condition a vertical magnetic field seems reasonable.

2.4. Plasma pressure and density

In magnetohydrostatic equilibrium a background atmo-
sphere and magnetic field configuration must satisfy Eq. (7),
which may also be expressed as:

∇pb +∇|Bb|2
2µ0

− (Bb · ∇)
Bb

µ0

− ρbgẑ = 0, (23)

whereẑ is the unit vector and only the global gravitational
acceleration directed towards the solar origin is included. The
magnetic tension is non-zero due to the curvature of the field
lines and has opposite sign as it acts as a restoring force to
the magnetic pressure. We know that the pressure is a scalar
quantity, so by taking the curl of∇p we obtain

∇×∇pb = 0 = ∇×
(

ρbgẑ +
(Bb · ∇)Bb

µ0

−∇|Bb|2
2µ0

)

.

(24)
For a single flux tube this condition is satisfied and a solu-
tion for pb andρb may be obtained similar to that outlined in
Paper I.
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FIG. 2.— 3D-rendition of two flux tube pairs (left), indicative magnetic field lines plotted in blue against a background fill depicting thermal pressureat the
rear and bottom planes. Isosurfaces indicate log plasma-β. Right: 2D-slice of magnetic pressure alongy = 0 for the four flux tubes (i.e., two pairs) located at
axes(x, y) = (1.2, 0), (1.2, 0), (−1.15, 0.15), (−1.25,−0.15)Mm, indicative magnetic field lines overplotted in blue. The flux tube pair to the right share
an identical axis at(x, y) = (1.2, 0)Mm, while the axes to the left are slightly separated with respect to both thex andy directions.Note, the left pair have
footpoints offset fromy = 0, so the magnetic pressure on this slice is highest above the photosphere, where the flux tube pair expand and merge.

We, now, adopt this approach for a pair of flux tubes, whose
magnetic configurations are denoted bymBb and nBb and
the total background magnetic fieldBb =

mBb +
nBb. Two

pairs of such flux tubes, with pressure distribution derivedas
follows, are illustrated in Fig. 2. Apart from the magnetic field
lines, the plasma-β distribution also clearly indicates two dis-
tinct magnetic structures with low plasma-β < 1 in the lower
corona and high plasma-β > 1 in the photosphere and chro-
mosphere. Note plasma-β ∝ p/|B|2. To make a determi-
nation of the necessary pressure distribution for such an ar-
rangement it is useful to decompose the pressure and density
into terms that are purely hydrostatic and independent of the
magnetic field and terms that represent corrections to balance
the effects of the flux tubes.

Those vertical profiles satisfying the purely hydrostatic
background are denotedpbh andρbh, and are derived from
the observed vertical profiles of Vernazza et al. (1981) and
McWhirter et al. (1975) or similar, as described in Paper I.

Adjustment to the pressure distribution required to restore
equilibrium due to the inclusion of the magnetic configura-
tions mBb and nBb are denoted bympbm, npbm, respec-
tively, and by mnpbm for their pairwise interaction. Hence,
pb = pbh + mpbm + npbm + mnpbm. A corresponding de-
composition of the density is also applied, using the same su-
perscripts and subscripts. Eq. (23), thus expanded, may then
be arranged to yield

∇(pbh + mpbm + npbm + mnpbm) = (25)

[(mBb +
nBb) · ∇]

(mBb +
nBb)

µ0

−∇|mBb +
nBb|2

2µ0

+(ρh +
mρbm + nρbm + mnρbm)gẑ.

In this form the curl of the right hand side is not0 for the self-
similar magnetic field, as explained in Appendix A.1. In gen-
eral there is no valid scalar-field solution to Eq. (25) forpb. It

makes physical sense that this should be so. Pairs of magnetic
flux tubes in close proximity will be inclined to attract or re-
pel, depending on their relative polarity, so that Eq. (25) is not
in equilibrium. Nevertheless, observational evidence exists of
multiple flux tubes in relative stability (Dowdy et al. 1986;
Solanki 1993; De Pontieu et al. 2003) suggesting the pres-
ence of some additional balancing forces. These may reside
in local anomalies in the neighbourhood density and pressure
distributions, effects from events at some distance or forces
acting at or below the footpoints. The nature and source of
these forces is complex and beyond the scope of this article,
but we conclude that an additional force term is required to
satisfy Eq. (25).

We can identify the net force acting in Eq. (25) from the
non-vanishing terms within the right hand side of Eq. (24).
First, let us eliminate the terms, for which we already have
solutions:

∇pbh = ρbhgẑ and

and

∇mpbm = mρbmgẑ −∇|mBb|2
2µ0

+ (mBb · ∇)
mBb

µ0

.

The termsmpbm and mρbm are derived as in Paper I, tak-
ing into account the revised definition of the field in Eq. (22).
They are detailed in Equations (A19) and (A20) of Ap-
pendixA.2, and equivalentlynpbm and nρbm.

This leaves only the interaction terms remaining of Eq. (25)
Then, having identified the non-vanishing terms in the right
hand side of Eq. (24) from amongst these interaction terms,



6 Gent, Fedun & Erdélyi
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FIG. 3.— 2D slices alongy = 0 of (a) thermal pressure with indicative magnetic field lines overplotted, and(b) temperature and(c) plasma beta with line
contours overplotted, for flux tubes located at axes(x, y) = (1.2, 0), (1.2, 0), (−1.15, 0.15), (−1.25,−0.15)Mm.

as detailed in AppendixA.1, we subtract them to obtain

∇mnpbm =(mBb · ∇)
nBb

µ0

+ ( nBb · ∇)
mBb

µ0

−∇ (mBb · nBb)

µ0

+ mnρbm gẑ

−
(

mBbz

µ0

∂ nBbx

∂z
+

nBbz

µ0

∂ mBbx

∂z

)

x̂

−
(

mBbz

µ0

∂ nBby

∂z
+

nBbz

µ0

∂ mBby

∂z

)

ŷ, (26)

wherex̂ and ŷ are unit vectors. Eq. (26) may be solved by
considering each vector component in turn:

∂ mnpbm
∂x

=
mBbx

µ0

∂ nBbx

∂x
+

mBby

µ0

∂ nBbx

∂y
+

nBbx

µ0

∂ mBbx

∂x

+
nBby

µ0

∂ mBbx

∂y
− ∂

∂x

(mBb · nBb)

µ0

,

∂ mnpbm
∂y

=
mBbx

µ0

∂ nBby

∂x
+

mBby

µ0

∂ nBby

∂y
+

nBbx

µ0

∂ mBby

∂x

+
nBby

µ0

∂ mBby

∂y
− ∂

∂y

(mBb · nBb)

µ0

(27)

and

∂ mnpbm
∂z

=
mBbx

µ0

∂ nBbz

∂x
+

mBby

µ0

∂ nBbz

∂y
+

mBbz

µ0

∂ nBbz

∂z

+
nBbx

µ0

∂ mBbz

∂x
+

nBby

µ0

∂ mBbz

∂y
+

nBbz

µ0

∂ mBbz

∂z

+ mnρbmg −
∂

∂z

(mBb · nBb)

µ0

. (28)

The solution formnpbm is specified by Eq. (A21) andmnρbm
by Eq. (A22) and detailed in AppendixA.2. We can now spec-
ify the background pressure and density profiles in the three-
dimensional space aspb = pbh+

mpbm+ npbm+ mnpbm and
ρb = ρbh + mρbm + nρbm + mnρbm. Note, numeric values
of the last three terms in the expressions forpb andρb can
be negative. A minimal constraint on the choice of param-
eters for the magnetic field configuration must be that both
sums are sufficiently positive to guarantee thatpb+ p̃ > 0 and
ρb + ρ̃ > 0 everywhere while the system is being perturbed.

Fig. 3 shows vertical slices of the pressure and temperature
for two pairs of flux tubes as well as the resulting plasma-β.
Two flux tubes exactly co-located on the right form a slightly
stronger magnetic structure, while on the left, two identical
flux tubes are slightly separated to form a weaker configura-
tion. The delineation into two distinct combinations is most
evident in the temperature and plasma-β distributions. The ra-
dial symmetry is broken, there is a clear opportunity to inves-
tigate interaction between the flux tubes, but they are almost
identical.

For more challenging configurations we require more flux
tubes with irregular spacing. First, we need to consider the
consequences of this configuration for the MHD equations.

2.5. Consequences for the MHD equations

In the preceding Section 2.4 we have derived profiles for
the background pressure and plasma density. Suppose,pb and
ρb are now thus defined for the magnetic flux tube pair1Bb

and 2Bb. If we subtract Eq. (7) from the unperturbed Eq. (2)
as presented in Section 2.2 then we obtain

ρb
∂ui
∂t

=
∂

∂xi

(

pb +
BbjBbj

2µ0

)

− ∂

∂xj

(

BbiBbj

µ0

)

− ρbgi

=−(δ1i + δ2i)

[

1Bb3

µ0

∂ 2Bbi

∂x3
+

2Bb3

µ0

∂ 1Bbi

∂x3

]

, (29)
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where(x1, x2, x3) = (x, y, z) andδij is the Kronecker delta
and the latter equality arises from the supplementary terms
applying in Eq. (26). That is, the system is out of equilibrium,
because the equality of Eq. (7) is no longer valid for the multi
flux tube configuration.In this form the advective term from
Eq. (10) would also contribute, asui 6= 0i for the background
state. However, by restoring equilibrium as follows, this term
reverts to zero.
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ŷ
[k

g 
m
−2

s−
2
]

1e−13

FIG. 4.— 2D slices alongy = 0 of forces applying in Eq. (30) for flux tubes
at axes(x, y) = (1.2, 0), (1.2, 0), (−1.15, 0.15), (−1.25,−0.15)Mm of
the x̂-component(a) and ŷ-component(b). Indicative magnetic field lines
are overplotted in blue.

Thex-component, Fig. 4 panel (a), and they-component,
panel (b), of the net forces from Eq. (29) applying along
y = 0 for two pairs of flux tubes are illustrated. The pair
of flux tubes on the right share an identical axis at(x, y) =
(1.2, 0)Mm, so the forces applying between them are zero
on y = 0, whereas on the left the flux tube axes are slightly
separated with respect to both thex andy directions. These
forces are most evident in the chromosphere, where the field
curvature is strongest. Alternating azimuthal trajectories of
the forces with radius and height suggest mutual torsional os-
cillations would result in the absence of any balancing forces.
There are also forces acting between both pairs, but these are
negligible near the footpoints, because of the large axial sep-
aration, and in the corona, because of the weakness of the

tension forces.
This magnetic field, with two flux tubes may be expressed

asB = 1Bb +
2Bb + B̃. Thus,|B|2 = | 1Bb|2 + | 2Bb|2 +

|B̃|2+2 1Bb ·B̃+2 2Bb ·B̃+2 1Bb · 2Bb, with an equivalent
pairwise decomposition also applying for the tension force
(B · ∇)B. Hence, terms pertaining to interactions between a
pair of background flux tubes1Bb and 2Bb exclude the per-
turbationsB̃.

If we extend this to a network ofN magnetic flux tubes
with the configurationmBb as defined by Eq. (22), but free to
differ by axial location(mx, my), then the magnetic field can
be expressed by the sum

B = Bb + B̃ =

(

N
∑

m=1

mBb

)

+ B̃,

and the restriction to pairwise interactions between eachmth

flux tube, its neighbours and the perturbed magnetic field still
applies. The latter equality from Eq. (29) can be generalised
forN flux tubes to

ρb
∂u

∂t
= F bal =−

N
∑

m,n=1|m 6=n

nBbz

µ0

∂ mBbx

∂z
x̂ (30)

−
N
∑

m,n=1|m 6=n

nBbz

µ0

∂ mBby

∂z
ŷ + 0ẑ,

in which the explicit expression for eachmn-pairing is given
in Eq. (A10) of AppendixA.1. To satisfy the equality withρg,
Eq. (7) must be revised to

∂

∂xi

(

pb +
BbjBbj

2µ0

)

− ∂

∂xj

(

BbiBbj

µ0

)

− Fbali
= ρbgi.

(31)
Scalar multiplication of Eq. (30) withu then yields

F bal·u = −ux
N
∑

m,n=1|m 6=n

nBbz

µ0

∂ mBbx

∂z
−uy

N
∑

m,n=1|m 6=n

nBbz

µ0

∂ mBby

∂z

(32)
and Eq. (8) must also be revised as

ui
∂

∂xi

(

pb +
BbjBbj

2µ0

)

−ui
∂

∂xj

(

BbiBbj

µ0

)

−Fbaliui = ρbgiui.

(33)
Now, subtracting Eq. (31) from Eq. (2) and Eq. (33) from
Eq. (3) we obtain the revised MHD equations for the per-
turbed momentum and energy

∂[(ρb + ρ̃)ui]

∂t
+

∂

∂xj
[(ρb + ρ̃)uiuj + p̃T ] (34)

− ∂

∂xj

[

B̃iBbj +BbiB̃j + B̃iB̃j

µ0

]

+ Fbali= ρ̃gi,

∂ẽ

∂t
+

∂

∂xj

[

(eb + ẽ)uj −
B̃iB̃j

µ0

ui + p̃Tuj

]

(35)

− ∂

∂xj

[

B̃iBbj +BbiB̃j

µ0

ui

]

+pbT
∂uj
∂xj

− BbjBbi

µ0

∂ui
∂xj

+ Fbaliui= ρ̃giui.
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With the addition ofF bal in Eq. (34) the unperturbed system
has

ρb
∂u

∂t
= 0.

Note also, this does not affect any terms depending on the
perturbations and is independent of changes to the perturbed
system, so remains constant over time and the background is
in equilibrium.

The corresponding termF bal · u in Eq. (35) is zero in the
steady state, but is apparently subject to amplification by hor-
izontal components of the velocity field. However, an equal
and opposite effect is present due to the subtraction of the
other terms in Eq. (33), so these combine to result in zero net
energy effect.

2.6. Inhomogeneous multiple flux tubes

As outlined in Section 2.5, when adding multiple flux tubes,
the background magnetic pressure gradient and tension force
are fully specified by the sum of single and pairwise interac-
tions between each flux tube. Thus, given a magnetic field
comprisingN magnetic flux tubes,

Bb =

N
∑

m=1

mBb, (36)

pb = pbh +

N
∑

m=1

mpbm +

N
∑

m,n=1|n>m

mnpbm (37)

and

ρb = ρbh +
N
∑

m=1

mρbm +
N
∑

m,n=1|n>m

mnρbm, (38)

in which mnpbm and mnρbm represent the action ofmBb on
nBb andvice versa. Hence, the inequality under the summa-
tion is required for this quantity to be counted only once for
each pair of flux tubes.

The time-independent momentum equation describing the
background equilibrium is then

ρbgẑ −∇pb −∇|Bb|2
2µ0

+
(Bb · ∇)Bb

µ0

+ F bal = 0, (39)

whereF bal is as specified by Eq. (30). Note, this solution
will yield a different equilibrium configuration to the solution
of Eq. (23) (Section 2.4), valid for a single flux tube. Con-
sider some single flux tube, withF bal ≡ 0. Let us construct
an identical flux tube by combining some field configurations
with a common axis of the formmBb, thenF bal will be non-
zero. Therefore, the solution of Eq. (23) for the single flux
tube will obtain different distributions for pressure and den-
sity to a solution of Eq. (39) for an identical magnetic field,
with the former equilibrium satisfying Eq. (10) and the latter
Eq. (34).

We have devised a background magnetic field construction
by the summation of multiple locally defined field configu-
rations in magnetohydrostatic equilibrium with the stratified
atmosphere, spanning the transition between the solar photo-
sphere and lower solar corona. Let us consider some opportu-
nities presented by this arrangement.
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FIG. 5.— Magnetic field comprising flux tube sources with independent
axes located at(x, y) = (0.34, 0.20), (−0.31,−0.34), (0.07, 0.33) and
(0.14, 0.04)Mm. Sample magnetic field lines are overplotted in blue and
isosurfaces indicate the variation in plasma-β. Background fill shows thermal
pressureon those planes.

On scales below the minimum observable resolution the
fine structure of the magnetic field can add to the complexity
and dynamics of a magnetic flux tube. We combine four inde-
pendent magnetic sources clustered within a photospheric sur-
face element1”× 1” ≈ 725 km× 725 km. This corresponds
to the maximum resolution for the magnetic field observa-
tions of, for example, the Helioseismic and Magnetic Imager
of the Solar Dynamics Observatory (Kosovichev & HMI Sci-
ence Team 2007). Hence, the fine structure of a magnetic
field configuration below this resolution would be treated as
a single flux tube, but may well be, and most likely is, the
combination of an irregular magnetic field network.

We, thus, construct a non-axisymmetric background mag-
netic field, that in the corona forms a single identifiable struc-
ture, but in the chromosphere has significant complexity. Al-
though the field lines merge in the corona, they retain com-
plexity in the form of pressure, density and plasma-β fluctu-
ations. An example of such an arrangement is illustrated in
Fig. 5. Perturbations to this steady background will be subject
to non-linear effects in the horizontal direction, due to the ir-
regular field strength, and also in the vertical direction, due to
the pressure gradient and the transition from the high to low
plasma-β regime.

For the same field configuration a 2D horizontal slice at
z = 0.5Mm of the steady background thermal pressure pro-
file is shown in Fig. 7. The deviations in the plasma pressure
are small compared to the vertical differential. Overplotted
in blue are some magnetic field lines. As might be expected
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FIG. 6.— Example of magnetic field configuration modelling granular lanes within the photosphere. Multiple flux tubes emerging through the chromosphere
along a narrow lane merge in the corona to form a magnetic canopy.

field lines emanate from the flux tube axes, indicated by the
light (low pressureregions).Above the three footpoint axes
located at the photospherein the positivex, y quadrant the
pressure has already merged into a single depression.
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FIG. 7.— 2D horizontal slice of thermal pressure atz = 0.5Mm for
the magnetic field comprising flux tube sources withphotospheric foot-
point axes independentlylocated at(x, y) = (0.34, 0.20), (−0.31,−0.34),
(0.07, 0.33) and (0.14, 0.04)Mm, as identified in the figure by white
crosses. Due to radial expansion, byz ≥ 0.5Mm the three flux tubes in
the positive quadrant have merged. Indicative horizontal magnetic field lines
are overplotted in blue, diverted where the flux tubes intersect.

By the height of the Transition Region the smaller depres-
sion within the flux tube anchored to the photosphere at
(x, y) = (−0.31,−0.34)Mm also merges with the other
three to form a single, non-uniform low pressure core inside
the composite magnetic flux tube. In the plane field lines are
not purely radial, with azimuthal trajectories appearing due to
the influence of neighbouring flux tubes. Between the axis at
(−0.31,−0.34)Mm and the other three axes field lines with
opposite polarity appear to meet, and in the regions between
the three positive axes there are high concentrations of field
lines as they merge with each other. In 3D these lines do
not meet due to the vertical component of the field. However
magneto-acoustic waves along these converging field lines
may interfere with each other near these intersections.

In ideal MHD there is no mechanism for reconnection. For
numerical stability, however, simulations require a minimum
level of numerical diffusion. Such diffusion will be strongest
in regions where the field lines converge resulting in topolog-
ical changes to the field configuration analogous to magnetic
reconnection.

As well as providing interesting structure for a single flux
tube as in the preceding example, it is possible to construct
networks of flux tubes on larger scales. Fig. 6 illustrates a
3D rendition of the magnetic field resembling a granular lane.
This could be extended to form a ring or other network of flux
tubes. With sufficiently large numerical domain the horizontal
interactions in the corona between flux tubes and networks of
flux tubes can be explored. Even in the corona, on this scale
the field can exhibit much more anisotropy.
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FIG. 8.— Example of magnetic field configuration modelling an active region with multiple magnetic bright points and emerging flux tubes. The strong
compact individual magnetic flux tubes in the chromosphere spread with height and merge to fill the corona.

In Fig. 8 we display an environment resembling a solar ac-
tive region comprising a multitude of magnetic bright points
with flux tubes emerging from the photosphere. Although the
magnetic field spreads out to fill the corona, the merger is far
from uniform and this presents an opportunity to explore the
dynamics between, and within, neighbouring flux tubes.

All of these examples are in magnetohydrostatic equilib-
rium for the stratified solar atmosphere, with positive plasma
pressure and density throughout and low plasma-β in the
corona, while forz . 1Mm plasma-β ≫ 1.

Typical footpoint field strength for each flux tube is near
100mT, but varies depending on the number and proximity
of neighbouring flux tubes. Care in the field construction is
required, with respect to the vertical and radial expansionfac-
tors, footpoint strength and axial proximity. The magnetic
field strength should not become so high as to require plasma
pressure or density to be negative in order to satisfy the pres-
sure balance.

3. SUMMARY AND DISCUSSION

We have solved analytically the time-independent MHD
equation of momentum for a configuration of multiple open
magnetic flux tubes in magnetohydrostatic equilibrium em-
bedded within a solar stratified atmosphere, with realisticpa-
rameters for plasma pressure, density, temperature and mag-
netic field strength. The equilibrium is maintained throughin-
clusion of appropriate horizontal balancing forces, whichwe
have also identified and calculated. It may be argued that in-
clusion even of an appropriate choice of balancing forces un-
dermines the relationship betweenB, p andρ, permitting any
arbitrary atmosphere to be constructed. This would negate
comparison with the real solar atmosphere. However, in our
model the atmosphere is also constrained by observational
comparison, we restrict the balancing forces to be the mini-
mal requirement to solve the system, and so the atmospheric
adjustments remain largely determined by the applied mag-

netic field.
This is a significant advance in achieving realistic mod-

elling of the magnetized solar atmosphere. The solutions
may also have application in other astrophysical environ-
ments, such as sunspots or magnetized atmosphere in gas gi-
ants. This advances the possibilities for analysis and numeri-
cal simulation of systems with background equilibria or quasi-
equilibria. In particular, the existence of non-axisymmetric
inhomogeneous configurations facilitates research of non-
linear interactions between neighbouring flux tubes. Presence
of converging field lines between flux tubes may lead to inter-
esting dynamics.

The model extends from the solar photosphere to the so-
lar corona, incorporating the temperature minimum and the
Transition Region. There is some scale-independence to the
model, in the sense that it could apply to a single flux tube
emerging from a magnetic bright point or to more extended
surface areas including flux tube networks in an active solar
region. In the smaller scales, such as magnetic bright points,
the flux tubes environment is far from force free.

There are two important analytical results. We have identi-
fied a sufficient condition to have a force-free steady solution
for a magnetic field configuration subject to external vertical
gravitation, as specified in Eq. (A6) AppendixA.1

∂Bx

∂y
=
∂By

∂x
and

∂Bz

∂y

∂Bx

∂z
=
∂Bz

∂x

∂By

∂z
.

This result is consistent with that of Low (1985), applying a
general magnetic field of the form

B =

(

∂φ

∂x
,
∂φ

∂y
, ψ

)

,

whereφ andψ are scalar functions. The former condition in
Eq. (A6) is immediately satisfied, and the latter is equivalently
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specified by

∂2φ

∂x∂z

∂ψ

∂y
=

∂2φ

∂y∂z

∂ψ

∂x
,

for which the general solution isψ(x, y, z) = Ψ(z, ∂φ/∂z).
This leads to the general solution of Low (1985) for the
plasma pressure of the form

p+
1

2µ0

Ψ2 − 1

µ0

∫ ∂φ/∂z

Ψ(z, u) du = p0(z). (40)

p0(z) is an arbitrary function (pbh in our model). The term un-
der the integral is typically non-linear without a ready analytic
solution. Low (1985) found a particular solution withΨ =
α∂φ/∂z. Summing magnetic structures, as we have done
in Section 2.6, Low (1985) constructed a non-axisymmetric
multi-nodal configuration.

In our model

φ =
mSf0

2

2B0z

∂B0z

∂z
mG and ψ = mSB0z

2 mG+b00 6= α∂φ/∂z,

(41)
so that, for the single flux tube, our model yields a new ex-
plicit solution to Eq. (40). The general solution of Low (1985)
requires Eq. (A6) be satisfied for Eq. (23), i.e. force-free.We
have not verified, whether this is a necessary condition, such
that failure to satisfy this condition would exclude the possi-
bility of a force-free steady solution. Here, we introduce a
new set of explicit solutions, applicable when the latter condi-
tion in Eq. (A6) is satisfied for the net magnetic forces apply-
ing to Eq. (39). These solutions allow general configurations
for the magnetic field. Superpositions of various magnetic
field configurations may be combined. Provided the former
equality in Eq.(A6) is satisfied for each individual configura-
tion, an analytic solution to Eq. (39) exists forpb andρb, with
F bal minimally defined by Eq. (30).

Note that the former equality in Eq.(A6) is equivalent to the
conditionJz = 0, the vertical component of background cur-
rent density and corresponds to an untwisted magnetic field
configuration. Our background field is not current free. In
the axisymmetric model, applying for the single flux tube, the
background current is purely azimuthal. For the multiple flux
tubes the background horizontal current includes radial and
azimuthal components. Let us stress that this does not ex-
cludeJz for the perturbed system.

Low (1985) took the approach of identifying the condi-
tions in Eq. (A6) and constructing a magnetic field to satisfy
these. His solution was applied to an exponential model back-
ground pressure, which approximates a coronal atmosphere.
Our approach is to seek a construction for the magnetic field,
which is sufficiently flexible to adapt to the observed mag-
netic structures and which matches the more realistic solarat-
mosphere modelled by Vernazza et al. (1981) and McWhirter
et al. (1975), and would permit an analytic solution. We are
motivated by physical considerations, such as controllingthe
radial expansion of the flux tubes distinctly for the chromo-
sphere and for the corona. Therefore, the latter condition in
Eq. (A6) has been used to identify those terms, which can only
be accommodated by including balancing forces.Although
we approximate the magnetized background atmosphere as
steady, both of these approaches have limitations. Particu-
larly, in the chromosphere the atmosphere is neither staticnor

force free. Many other physical forces may play a significant
role, such as radiation, partial ionization effects and thermal
conduction. Nevertheless, this is a considerable advance to-
wards modelling effectively some part of this complex and
dynamic system.

For our self-similar flux tube model, we have verified that it
is not possible to construct a field of neighbouring flux tubes
with a steady solution in the absence of balancing forces.
These forces can be identified and calculated, so that the
background be in quasi-equilibrium. It would be interest-
ing to investigate whether this approach could be extended
to magnetic fields with twist, such that the former condition
in Eq. (A6) is not satisfied, but that balancing forces might yet
be identified.

An alternative approach could be to extend the analysis of
Low (1985) and seek a magnetic field that satisfies completely
Eq. (A6) by construction. From the solenoidal condition

∂2φ

∂x2
+
∂2φ

∂y2
+

∂

∂z

(

f(z)
∂φ

∂z

)

(42)

seek a solution withf andφ in a form that may be adapted
to match the observed magnetic structures of the solar atmo-
sphere. Finding such a solution is a considerable challenge
and there is no guarantee that such configurations should re-
alistically model open flux tubes or loops. Whilst we will
consider this approach in future, it is well beyond the cur-
rent aims: construction of currently observable complex loop
structures, with the ultimate goal to investigatewave propa-
gationandwave energy transport/couplingin such complex
systems. It is not our intention, here, to model loop or active
region dynamics, which involve evolution of the background
due to processes, such as reconnection, field relaxation, etc.

In this article we have restricted our examples to systems
of open flux tubes of the same polarity. In Appendix A, the
derivation is also valid for solutions involving opposite polar-
ity. Indeed, the constantsmS need not be identical, taking any
set of real values subject to the constraint that plasma pressure
and density remain physical. This could add further curvature
for the magnetic field to the non-trivial field curvature that
this article describes between flux tubes. A further, though
very challenging, improvement would be to include torsional
components to the flux tubes, withBφ 6= 0.

Simulations using alternate steady background configura-
tions with single and multiple flux tubes, will help identifythe
extent to which the interactions between magnetic flux tubes
amplify or dampen the transport of energy in the lower so-
lar atmosphere. Also analytical investigation of the various
equilibrium conditions could advance our understanding of
the structure and forces acting in this solar region.
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REFERENCES

Aschwanden, M. J. 2005, Physics of the Solar Corona. An Introduction with
Problems and Solutions (2nd edition)

Aschwanden, M. J., Schrijver, C. J., & Alexander, D. 2001, ApJ, 550, 1036
De Pontieu, B., Tarbell, T., & Erdélyi, R. 2003, ApJ, 590, 502
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APPENDIX

SOLUTION TO BACKGROUND STATIC EQUILIBRIUM

Non-vanishing terms in the curl of∇p
If we consider Eq. (24) for a general magnetic fieldB subject to gravity acting only along the vertical direction, we require

∇×∇P = ∇×
(

ρgẑ +
(B · ∇)B

µ0

−∇|B|2
2µ0

)

= 0. (A1)

On the left hand side the pressure is a scalar, so this term vanishes. The magnetic pressure term as a scalar also has vanishing
curl, so for the magnetic tension and gravitation we require

∂

∂y

[

(B · ∇)
Bz

µ0

+ ρg

]

− ∂

∂z

[

(B · ∇)
By

µ0

]

= 0, (A2)

∂

∂z

[

(B · ∇)
Bx

µ0

]

− ∂

∂x

[

(B · ∇)
Bz

µ0

+ ρg

]

= 0, (A3)

∂

∂x

[

(B · ∇)
By

µ0

]

− ∂

∂y

[

(B · ∇)
Bx

µ0

]

= 0. (A4)

From Eq. (A4) we obtain

∂

∂x
[(B · ∇)By)]−

∂

∂y
[(B · ∇)Bx)] = 0 ⇒

[

B · ∇ − ∂Bz

∂z

](

∂By

∂x
− ∂Bx

∂y

)

+
∂Bz

∂x

∂By

∂z
− ∂Bz

∂y

∂Bx

∂z
= 0. (A5)

A solution to Eq. (A5) exists if
∂Bx

∂y
=
∂By

∂x
and

∂Bz

∂y

∂Bx

∂z
=
∂Bz

∂x

∂By

∂z
(A6)

Eq. (A6) is a sufficient condition to satisfy Eq. (A4). Differentiating Eq. (A2) with respect tox and Eq. (A3) with respect toy and
then summing them, we are left only with thez-derivative of Eq. (A5). Again we obtain the relations in Eq.(A6) as a sufficient
condition to satisfy fully Eq. (A1). Indeed this may be a necessary condition for a steady magnetic field within a verticalgravity
field (Gabriel 1976; Gibson & Low 1998), but we have not verified this.

In the case of the self-similar construction for a single fluxtube defined by Eq. (22)both conditions in Eq. (A6) aresatisfied.
However, for a pair of flux tubes denoted bymBb and nBb, wherexi 6= xj or yi 6= yj , the latter condition in Eq. (A6) is not
satisfied for the cross terms

∂ mBbz

∂y

∂ nBbx

∂z
6= ∂ mBbz

∂x

∂ nBby

∂z
. (A7)
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In general configurations of vertical flux tube pairs may include derivative terms for whichyixj 6= xiyj , failing to satisfy
Eq. (A6). We have not identified an alternative constructionin which this pairwise interaction can satisfy Eq. (A6). It may be that
for an asymmetric field magnetohydrostatic equilibrium cannot exist in the absence of balancing forces, but we have not verified
this.

From Eq. (A7) the non-vanishing terms in Eq. (A1) can be identified. A sufficient requirement to equate the right-hand sideto
0 will, thus, be to include a balancing force inside the brackets

−

mBbz

µ0

∂ nBbx

∂z
x̂−

nBbz

µ0

∂ mBbx

∂z
x̂−

mBbz

µ0

∂ nBby

∂z
ŷ −

nBbz

µ0

∂ mBby

∂z
ŷ. (A8)

It follows that it is sufficient to modify the interaction terms in Eq. (25) to

∇mnpbm +∇
(

mBb ·
nBb

µ0

)

−
(

mBb

µ0

· ∇
)

nBb −
(

nBb

µ0

· ∇
)

mBb (A9)

+
mBbz

µ0

∂ nBbx

∂z
x̂+

nBbz

µ0

∂ mBbx

∂z
x̂ +

mBbz

µ0

∂ nBby

∂z
ŷ +

nBbz

µ0

∂ mBby

∂z
ŷ − mnρbmgẑ=0.

In this form we can now follow AppendixA.2 to solve forp andρ. With plasma pressure and density thus modified, the equality
in Eq. (23) for the pressure balance is no longer valid. This will be restored by adding to the right hand side the sum of forces
mnF matching the net force applying onnBb due tomBb. Explicitly

mnF =−
mBbz

µ0

∂ nBbx

∂z
x̂−

mBbz

µ0

∂ nBby

∂z
ŷ (A10)

=

[

(x− nx)x̂+ (y − ny)ŷ

µ0

]

nS nG
[

mSB0z
2 mG+ b00

]

[

(

1− 2 nf2

f0
2

)(

∂B0z

∂z

)2

+B0z
∂2B0z

∂z2

]

Plasma pressure and density adjustment
Basic quantities and derivatives

Listed here are the various derivatives from the expressions for a single flux tube, which will be required in the calculations.

∂ mf

∂x
=

(x− mx)B0z

mr
,

∂ mf

∂y
=

(y − my)B0z

mr
,

∂ mf

∂z
= mr

∂B0z

∂z
,

∂ mG

∂ mf
= −2mf mG

f0
2

,

∂ mG

∂x
= −2(x− mx)B0z

2 mG

f0
2

,
∂ mG

∂y
= −2(y − my)B0z

2 mG

f0
2

,
∂ mG

∂z
= −2mf mGmr

f0
2

∂B0z

∂z
.

We will require the derivatives in these expressions as follows:

∂ mBbx

∂x
= mS mG

(

2(x− mx)2B0z
3

f0
2

−B0z

)

∂B0z

∂z
(A11)

∂ mBbx

∂y
=
∂ mBby

∂x
=

2mS(x− mx)(y − my)B0z
3 mG

f0
2

∂B0z

∂z
(A12)

∂ mBbx

∂z
= mS(x− mx)mG

(

2mf2

f0
2

− 1

)

∂B0z

∂z

2

− mS(x− mx)B0z
mG

∂2B0z

∂z2
(A13)

∂ mBby

∂y
= mS mG

(

2(y − my)2B0z
3

f0
2

−B0z

)

∂B0z

∂z
(A14)

∂ mBby

∂z
= mS(y − my)mG

(

2mf2

f0
2

− 1

)

∂B0z

∂z

2

− mS(y − my)B0z
mG

∂2B0z

∂z2
(A15)

∂ mBbz

∂x
=−mS

2(x− mx)B0z
4 mG

f0
2

, (A16)

∂ mBbz

∂y
=−mS

2(y − my)B0z
4 mG

f0
2

, (A17)

∂ mBbz

∂z
=2mSB0z

mG

(

1−
mf2

f0
2

)

∂B0z

∂z
(A18)



14 Gent, Fedun & Erdélyi

Balancing plasma pressure and density for single flux tube

Each single flux tube in isolation as prescribed by Eq. (22) has axial symmetry. For convenience we retrace the solution in
cylindrical coordinates as described in Paper I, but here applying a constant vertical ambient background field. We alsoinclude
the constantmS = ±1, allowing alternative polarity to be considered for each flux tube.

∂ mpbm
∂r

=− ∂

∂r

|mBb|2
2µ0

+
mBbr

µ0

∂ mBbr

∂r
+

mBbz

µ0

∂ mBbr

∂z

=− ∂

∂r

|mBb|2
2µ0

+
∂

∂r

mB2

br

2µ0

− (mSB0z
2 mG+ b00)

µ0

∂

∂z

(

mS mrB0z
mG

∂B0z

∂z

)

=− ∂

∂r

mB2

bz

2µ0

−
mS2B0z

mf mG2

µ0

(

∂B0z

∂z

)2

+
2mS2B0z

mf3 mG2

µ0f0
2

(

∂B0z

∂z

)2

−
mSb00

mf mG

µ0

∂2B0z

∂z2

+

[

2mSb00
mf3 mG

µ0B0zf0
2

−
mSb00

mf mG

µ0B0z

](

∂B0z

∂z

)2

−
mS2B0z

2 mf mG2

µ0

∂2B0z

∂z2

=− ∂

∂r

mB2

bz

2µ0

−
mS2

2µ0

∂

∂r

(

mf mG
∂B0z

∂z

)2

+
∂

∂r

(

mS2B0zf0
2 mG2

4µ0

∂2B0z

∂z2

)

+
∂

∂r

(

mSb00f0
2 mG

2µ0B0z

∂2B0z

∂z2

)

− ∂

∂r

(

mSb00
mf2 mG

µ0B0z
2

[

∂B0z

∂z

]2
)

− ∂

∂r

(

mSb00f0
2 mG

2µ0B0z
2

[

∂B0z

∂z

]2
)

.

Integrating with respect tor we obtain a solution formpbm as

mpbm = −|mBb|2
2µ0

−
mSb00

mG

µ0B0z
2

[

mf2 +
f0

2

2

](

∂B0z

∂z

)2

+
mS2B0zf0

2 mG2

4µ0

∂2B0z

∂z2
+

mSb00f0
2 mG

2µ0B0z

∂2B0z

∂z2
. (A19)

This must be matched by the solution obtained by solving thez-component of the pressure balance equation so

mpbm =

∫

mρbmg dz −
mB2

br

2µ0

+

∫ mBbr

µ0

∂ mBbz

∂r
dz = −

mB2

bz

2µ0

+

∫ mBbz

µ0

∂ mBbr

∂z
dr

⇒ mρbmg=
∂

∂z

mB2

br

2µ0

− ∂

∂z

mB2

bz

2µ0

−
mBbr

µ0

∂ mBbz

∂r
+

∂

∂z

∫ mBbz

µ0

∂ mBbr

∂z
dr

mρbmg=
∂

∂z

(

✘
✘
✘
✘
✘
✘
✘
✘
✘
✘✘mS2 mf2 mG2

2µ0

[

∂B0z

∂z

]2

−
mS2B0z

4 mG2

2µ0

)

− ∂

∂z

(

mSb00B0z
2 mG

µ0

)

− ∂

∂z

(

✘
✘
✘
✘
✘
✘
✘
✘
✘
✘✘mS2 mf2 mG2

2µ0

[

∂B0z

∂z

]2
)

+
∂

∂z

(

mS2B0zf0
2 mG2

4µ0

∂2B0z

∂z2
+

mSb00f0
2 mG

2µ0B0z

∂2B0z

∂z2

)

− ∂

∂z

(

mSb00
mG

µ0B0z
2

(

mf2 +
f0

2

2

)[

∂B0z

∂z

]2
)

+
mS2 mf mG

µ0

∂B0z

∂z

∂

∂r

(

B0z
2 mG

)

mρbm =
mS2 mG2

µ0g

(

f0
2

4
− mf2

)

∂B0z

∂z

∂2B0z

∂z2
− 3mSb00

mG

µ0gB0z
2

(

f0
2

2
+ mf2

)

∂B0z

∂z

∂2B0z

∂z2

+

[

mSb00
mG

µ0gB0z
3

(

2mf4

f0
2

+ f0
2 + mf2

)][

∂B0z

∂z

]3

+
2mSb00B0z

mG

µ0g

(

mf2

f0
2

− 1

)

∂B0z

∂z

+

[

mS2B0zf0
2 mG2

4µ0g
+

mSb00f0
2 mG

2µ0gB0z

]

∂3B0z

∂z3
− 2mS2B0z

3 mG2

µ0g

∂B0z

∂z
. (A20)

The distribution for the plasma density can therefore be obtained by dividing Eq. (A20) byg. For our example we apply a constant
g for simplicity due to the small variation over the vertical domain of our model, but the solution is equally valid with variable
gravity g = g(z). However, it is not suitable for including self-gravity dueto the horizontal fluctuations in the plasma density.
This would arguably be very small in comparison to the globalsolar gravity for the scales we are considering.

Plasma pressure and density from pairwise interactions

We requiremnpbm, the pressure deviation in response to the force exerted by flux tube configurationmBb on nBb and vice
versa. Taking advantage of the equality in Eq. (A12) they-derivatives in Eq. (27) can be transposed and the tension terms cancel
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directly to yield

∂ mnpbm
∂x

=− ∂

∂x

(

mBb · nBb

µ0

)

+
mBbx

µ0

∂ nBbx

∂x
+

nBbx

µ0

∂ mBbx

∂x
+

mBby

µ0

∂ nBby

∂x
+

nBby

µ0

∂ mBby

∂x

=− ∂

∂x

(

mBbz
nBbz

µ0

)

.

Integrating with respect tox we, thus, obtain

mnpbm =−
mBbz

nBbz

µ0

(A21)

plus an arbitrary function constant inx. Solving Eq. (27) for they-component recovers the identical solution, so any additional
terms can have onlyz-dependence and are fully accounted for within the hydrostatic background termspbh andρbh. The solution
to Eq. (28) must also match so

mnpbm =

∫

mnρbmg + (mBb · ∇)
nBbz

µ0

+ ( nBb · ∇)
mBbz

µ0

dz −
mBb · nBb

µ0

= −
mBbz

nBbz

µ0

⇒ mnρbmg=
∂

∂z

(

mBbx
nBbx

µ0

)

+
∂

∂z

(

mBby
nBby

µ0

)

− (mBb · ∇)
nBbz

µ0

− ( nBb · ∇)
mBbz

µ0

µ0

mn
ρbmg=

∂

∂z

(

m
S

n
S(x−

m
x)(x−

n
x)m

G
n
G

[

B0z

∂B0z

∂z

]2
)

−

∂

∂z
(m

Bbz
n
Bbz)−

m
Bbx

∂ nBbz

∂x

+
∂

∂z

(

m
S

n
S(y −

m
y)(y −

n
y)m

G
n
G

[

B0z

∂B0z

∂z

]

2
)

−

m
Bby

∂ nBbz

∂y
−

n
Bbx

∂ mBbz

∂x
−

n
Bby

∂ mBbz

∂y

. . .=2m
S

n
S(x−

m
x)(x−

n
x)B0z

m
G

n
G

[

∂B0z

∂z

]

3

+ 2m
S

n
S(x−

m
x)(x−

n
x)B0z

2 m
G

n
G
∂B0z

∂z

∂2B0z

∂z2

− 2m
S

n
S(x−

m
x)(x−

n
x)B0z

mf2

f0
2

m
G

n
G

[

∂B0z

∂z

]3

− 2m
S

n
S(x−

m
x)(x−

n
x)B0z

nf2

f0
2

m
G

n
G

[

∂B0z

∂z

]3

+2m
S

n
S(y −

m
y)(y −

n
y)B0z

m
G

n
G

[

∂B0z

∂z

]3

+ 2m
S

n
S(y −

m
y)(y − n

y)B0z
2 m

G
n
G
∂B0z

∂z

∂2B0z

∂z2

mnρbm=
2

µ0g
mS nS(x− mx)(x − nx)B0z

mG nG

[

f0
2 − mf2 − nf2

f0
2

(
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